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adult educational programs including colleges and universities as a supplementary manual. A 
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This manual addresses quadratic equations and how they are simplified and 
mathematically operated. Students learn how to solve quadratic equations using techniques such 
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Quadratic Equations 


The objective of this manual is to improve the student’s ability to solve quadtratic equations and 
provide factoring methods involving quadratic equations. Quadratic equations and the quadratic 
formula are introduced in Section 1.1. Solving different forms of quadratic equations using the 
quadratic formula is introduced in Section 1.2. Steps as to how quadratic equations are solved 
using the Square Root Property method are addressed in Section 1.3. Solving quadratic 
equations by Completing-the-Square method are addressed in Section 1.4. In Section 1.5, 
solving quadratic equations containing radicals and fractions are discussed. Choosing the most 
suitable method in factoring polynomials and solving second degree equations is discussed in 
Section 1.6. Cases presented in each section are concluded by solving additional examples with 
practice problems to further enhance the students ability. Students are encouraged to gain a 
thorough knowledge on the different factoring polynomials and solution methods introduced in 
Chapter 3 of the Mastering Algebra — Intermediate Level book. Knowing how to factor 
polynomials and solve quadratic equations will greatly improve the student’s ability in solving 
more advanced math concepts. 


1.1 Quadratic Equations and the Quadratic Formula 
A quadratic equation is an equation in which the highest power of the variable is 2. For 
example, 3x7 -16x+5=0, x7 =16, w?+9w=0, x7 -4x+3=0, x7 =-Ilx-24, and y*-4=0 are all 


examples of quadratic equations. Note that any equation that can be written in the form of 
ax’ +bx+c=0, where a, b, and c are real numbers and a <0, is called a quadratic equation. 
A quadratic equation represented in the form of ax? + bx +c =0 is said to be in its standard form. 
In the following sections we will learn how to solve and represent the solutions to quadratic 
equations in factored form. However, in order to solve any quadratic equation we first need to 
become familiar with the quadratic formula. 


The Quadratic Formula 


To derive the quadratic formula we start with the standard quadratic equation ax? +bx+c=0, 
where a, b, and c are real numbers and use the method of completing the square to solve the 
equation as follows: 


Step 1 Add -c to both sides of the equation. 
ax? +bx+c0-c=-c ; ax? +bx =-c 


Step 2 Divide both sides of the equation by a. 


ax? bx c . 2 bx c 
— + — = -— 3 x + = 
a a a a a 


2 
Step 3 Divide a the coefficient of x, by 2 and square the term to obtain (2) . Add 
a a 


2 
(2) to both sides of the equation. 
a 


?ebea(B) --£6(2) 
xo +—x+ = + 
a 2a a 2a 
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Step 4 Write the left hand side of the equation , which is a perfect square trinomial, in its 


equivalent square form. 
2 2 
aero 
x+—] =-—+/— 
2a a \2a 
Step 5 Simplify the right hand side of the equation using the fraction techniques. 
Bae ee BNP BY. 6-8? BV (40? --c}+(a-6?) 
(x+2) --£+(2) s (+2) --S45 (2) - 
2a a \2a 2a a Aq? 2a Aa 


2: 

b\* ab? -4a7e b\* a(b - 4ac] : b\? _ b* -4ac 
> [xt = 3 5) xt a Te aE x+—] =— 
4a 2a 4a 4a 


Step 6 Take the square root of both sides of the equation. 


( a =a A? —4ac dac b b* —4ac 
[x+ hee San =i 
-) 192 q 2 2a 2a 


Step 7 Solve for x by adding -> to both sides of the equation. 
a 


b Db b Vb? -4ac | b vb? -4ac .  -b+b? —4ac 
+ = + x= + x= 


2a 


—b+b? — 4ac 


is referred to as the quadratic formula. Note that the quadratic 


-~b+Vb* —4ac -~b-Vb* —4ac 
and x = ———___—__.. 
2a 2a 
write the quadratic equation ax* + bx +c =0 in its equivalent factored form, i.e., 

q q q 


—b+Vb7 =a | b+vb? =a ag 


2a 2a 


The equation x= 


formula has two solutions x = We use these solutions to 


ax’? +bx+e=0 is factorable to . 


Let’s check the above factored product using the FOIL method. The result should be equal to 


ax? +bx+c=0. 


Check: 

. —b+ Vb? —4ac ca DEN? —4ac Sh aed b-vVb? —4ac ca DAN? — ac _0 
2a 2a ; 2a 2a 
Gales .2 bine {* Wine} [+ ate 
3 x+x +) —————__] -x + =0 

2a 2a 
2 2 
mages b+ se woe — 4ac _ [ere -Aae)(4 ~vb ~ 4ac) -0 
: 2a 2a-2a 


=0 


2a 4a’ 


2 2 2. 2 2 
jt [belifatee 20 ae (4 abs SAanaee AAeeaaly Saas 4ac 


Hamilton Education Guides 3 


Quadratic Equations 1.1 Quadratic Equations and the Quadratic Formula 


2 2 
9 (b+b b -(6 - 4ac] a 389 Ob b? —b* + 4ac > b 4ac 
3 x t+ x+ =0 5; x"+ x+ =0 3 x°+—x+ =0 
2a 4a? 2a 4a? a 4a? 
2 b c x? bx c¢ ax? +bxt+e ax’ +bxt+ce 0 2 : 
3 xo 4+—x+—=0; +—+-—=0; =0; = 5 (ax +bx+e)-1=a-0 which 
a a 1 a a a a 1 


is the same as ax* +bx+c=0. 


The quadratic formula is a powerful formula and should be memorized. In the following 
sections we will use this formula to solve different types of quadratic equations. 


Practice Problems - Quadratic Equations and Quadratic Formula 


Section 1.1 Practice Problems - Given the following quadratic equations identify the coefficients 
a, b,and c. 


1. 3x =-54+2x? 2. 2x7 =5 3. 3w*-S5w=2 
4. 15=-y?-3 5. x7 4+3=5x Bgl cay 
7. y*+5y-2=0 8. -3x? =2x-1 9. p*=p-l 
10. a0 =" 
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Quadratic Equations 1.2 Solving Quadratic Equations Using the Quadratic Formula 


1.2 Solving Quadratic Equations Using the Quadratic Formula 


As was stated earlier, the quadratic formula can be used to solve any quadratic equation by 
expressing the equation in the standard form of ax” +bx+c=0 and by substituting the equivalent 
numbers for a, b, and c into the quadratic formula. In this section we will learn how to solve 
quadratic equations of the form ax? +hx+c=0, where a=1 (Case I) and where a)1 (Case II), 
using the quadratic formula. 


CaseI Solving Quadratic Equations of the Form ax? +bx+c=0 , Where a =1, Using the Quadratic Formula 


Quadratic equations of the form ax? + bx +c =0, where a =1, are solved using the following steps: 
Step 1 Write the equation in standard form. 
Step 2 Identify the coefficients a, b, and c. 


-~b+b* —4ac 


Step 3 Substitute the values for a, b, and c into the quadratic equation x= : 
a 


Simplify the equation. 


Step 4 Solve for the values of x. Check the answers by either substituting the x values into 
the original equation or by multiplying the factored product using the FOIL method. 


Step 5 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations are solved using the 
quadratic formula: 
Example 1.2-1 


Solve the quadratic equation x? +5x =-4. 
Solution: 


Step 1 
Step 2 Let: ‘ , and . Then, 


; -~b+1b* —4ac 54457 -—4x1x4 -5+ 25-16 
Step 3 Given: |x = ie 5 hie 
2a 2x1 3 
al ae = a 


Step 4 Separate x = 


ze into two equations. 


Sea 
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4 


? 
Check No.1: 1. Letx=-1 in x? +5x=-4 ; (-1)? +(5x-l)=-4 3 1-5=-4 5 -4=-4 


2 9 


Il. Letx=-4 in x? +5x=-4 ; (-4)? +(5x—4)=-4 ; 16-20=-4 ; -4=-4 


? ? 
Check No. 2: x7 +5x+4=(x+1)(x+4) 5 x7 +5x+4=(x-x)+(4-x)+(L-x)+(1-4) 
? ? 
5x7 45a dan? +4xtntd 5 x? 45x tdan? + (44l)xe4 5 x? +5e44=x7 45x44 


Step 5 Therefore, the equation x” +5x+4=0 can be factored to (x+1)(x+4)=0. 


Example 1.2-2 
Solve the quadratic equation x” =-12x-35. 
Solution: 


Step 1 x? =-12x—35]|; |x? +12x =-12x + 12x — 35]; |x? +12x = 0-35]; x2 +12x =~35] 
5 |x? +12x +35 = -35435]; |x? +12x+35=0 
Step 2 Let: [a=1], , and [c=35]. Then, 


_ abt cae 4ac _7l2t 122 4x1 35 4x1x 35 _ 12d vl44—140: 144-140 140 
Step 3 Given: 
2x1 


Step 4 Separate x = 


p= 22] 


> into two equations. 


p= 


? 
Check No. 1: I. Let x=-5 in x? =-12x-35 3 (5) =(-12x-5)-35 ; 25= =60—35 3 25=25 


? 
IL. Letx=-7 in x? =-12x-35 ; (-7)’ =(-12x-7)-35 ; 49= “84-35 5 49 =49 


rg ? 
Check No. 2: x? +12x +35=(x+5)(x+7) 5 x7 +12x +35=(x-x)+(7-x)+(5-x)+(5-7) 
2 ? 


5 x? 412x435=x7 47x 45x 435 5 x7 412x435=x7 +(745)x435 


> x? 412x+35=x7 412x435 
Step 5 Therefore, the equation x* +12x +35=0 can be factored to (x+5)(x+7)=0. 
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Example 1.2-3 
Solve the quadratic equation x? —5x+6=0. 
Solution: 


step | 
Step 2 Let: . , and . Then, 


2: 
Step 3 Given: |x =— ges (Ge i ae eed 
2x1 ? 2 


Step 4 Separate x =—— into two equations. 


2 
? 9 


4 
Check No.1: I. Letx=3 in x?-5x+6=0 ; (3)? +(-5x3)+6=0 ; 9-15+6=0 ; 15-15=0 
5 0=0 


= 32h 


Il. Letx=2 in x?-5x+6=0 ; (2) + (ao) ve= 0; 4-10+6= ie 4-4=0 
7050 


9 


? ? 
Check No. 2: x? 5x + 6=(x 3)(x 2) ; x? —5x + 6=(x-x)+( 2-x)+( 3-x)+( 3. 2) 


? ? 
> x? —5x4+6=x7 —2x-3x4+6 ; x? 5x+6=x" +(-2 3)\x+6 ; x? -5x+6=x" —5x+6 


Step 5 Therefore, the equation x? —5x+6=0 can be factored to (x-3)(x-2)=0. 


Example 1.2-4 
Solve the quadratic equation x7 +1=-2x. 
Solution: 


Step 1 Lx? 41= 2x] ; [x2 —2041= 2042] ; [22 ¥2x+1=0) 
Step 2 Let: [a=1],[b=2], and[c=1]. Then, 


- pe hae J2?-4x1x1 1x1 
2x1 


Step 4 Separate x = 


224 —2+0 
eve fe 


© into two equations. 
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See 


Check No. 1: Letx=-1 in x? +1= 2S ( 1+ sie 2x-l ; ere 2° 252 


? 4 
Check No. 2: x? 42x +1=(x+1)(x +1) ; x? 42x +1=(x-x)+(1-x)4(1-x)+(1-1) 
? ? 
sx? 42xtlex?4x¢x4d1 5 x? +2x+1=x7 +(1+1)x+1 5x? 42x4¢1=x7 42x41 


Step 5 Thus, the equation x? +2x+1=0 has two identical solutions and can be 


factored to (x+1)(x+1)=0 
Example 1.2-5 

Solve the quadratic equation 7x =-x? -2. 
Solution: 


Step1 [tx ==x?-2];; [px? 4 7x =—x? +x? ~2]; [2 47x =0-9] ; |? 47x =~] 
sf? 47x22 242]; [2 +7242=0] 
Step 2 Let: [a=1],[6=7], and[c=2]. Then, 


—b+ Vb? —4ac ~7+V77 -4x1x2 ~7+ 49-8 
Step 3 Given: |x = = rb 
2a 2x1 y 
poe 


Step 4 Separate x =— 


IL == s|r= = ; ==67) 
? 


? 
Check No. 1: I. Letx=-03 in 7x=-x?-2 ; 7x-03=-(-03)? -2 ; -21=-0.09-2 ; -21=-21 


4 into two equations. 


? ? 
Il. Letx=-67 in Ix =-x?-2 ; 7x-67=-(-6.7)’ -2 ; -46.9=-449-2 


; 46.9 = 469 
? ? 
Check No. 2: x? +7x+2=(x+03)(x+67) ; x7 +7x+2=(x-x)+(67-x)+(03-x)+(03-67) 


9 9 


5x7 47x 42=x° 46.7 403x42 5 x? 4+7x4+2=x7 +(6.7403)x42 
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: x74 7xt2=x747x4+2 


Step 5 Thus, the equation x7 +7x+2=0 can be factored to (x +03)(x +67) =0. 
p q 


Additional Examples - Solving Quadratic Equations of the Form ax? + bx +c=0,where a =1, Using the Quadratic Formula 


The following examples further illustrate how to solve quadratic equations using the quadratic 
formula: 
Example 1.2-6 


Solve the quadratic equation x” =16x-55. 
Solution: 


First, write the equation in standard form, 1.e., x? -16x +55=0 


Next, let: ; , and . Then, 


2 

—b+ Vb —4ac ( 16) + ¥( 16)" —4x1x 55 16 + 256-220 16 + 136 

Given: |x =——————__] ; |x = ; |x = ——————_—_]; |x = ———_ 
2a 2x1 2 a 
2 
164+-V6 1646 
2 2 
5 

1 fr=!4);)x= 2), [r= 2); Gem u. [r= 4); 0-2 f= 4]; ed 


? ? 
Check No. 1: L Letx=11 in) x? =16x—55 3 117 =16x11—55 ; 121=176—55 ; 121=121 


I. Letx=5 in x2 =16x-55 5 5?=16x5-55 3 25=80-55 ; 25-25 
Check No. 2: x? —16x+55=(x-11)(x—5) 3 x? —16x-455=(x-x)+(-5-x)+(-11-2)+(-11--3) 

: y? aiée4 55-5? Seis 455 : x? 16x + 55x? +(-5=11)x+55 

> x? -16x4+55=x7 -16x+55 


Therefore, the equation x7 —16x+55=0 can be factored to (x-—11)(x-5)=0. 
q 


Example 1.2-7 


Solve the quadratic equation x* =-9x +36. 
Solution: 


First, write the equation in standard form, i.e., x? +9x-—36 =0 


Next, let: , , and [c= -36]. Then, 


. —b+b? —4ac 94497 —4x1x 36 ~9+4/814144 9+ /225 
Given: ia Tee (ae a a ag SI a = 
a x 
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_ 9415? | | 9415 


|x x= Therefore: 
: 2 ¢ 2 


3 
~9+15 6 3 9 =15 
= 7 : -|x=3 = 7 
-=5],.-4).f | #=3 a ae Fa 


and the solution set is {3,-12} . 


Check No.1: I Letx=3 in x? =-9x+36 ; 3229x3436 § 9=-274356 2 9=9 

Il. Letx=-12 in x? =-9x+36 ; (-12)? 26x25 936 ; 144=108 +36 ; 144=144 
Check No. 2: x? +9x—36=(x—3)(x-+12) 5 x? +9x—36=(x-x)+(12-x)+(-3-x)+(-3-12) 

per + 9x—36=x? +12x—3x—36 for + 9x 3622? +(12-3)x -36 

5 x7 + 9x -36 =x? + 9x —36 
Therefore, the equation x? +9x-36=0 can be factored to (x-3)(x+12)=0. 


Example 1.2-8 

Solve the quadratic equation x” +11x+24=0. 
Solution: 

The equation is already in standard form. 


Let: [=i], [B=], and (€=24]. Then, 


; -~b+b* —4ac lit yll? —4x1x 24 -~11+4/121-96 
Given: |x =———_] x= : |x =———__—_—— 
2a 2x1 2 

114752 -11+5 

ea 25 Therefore: 
2 y 

3 Sis 

sjr=-=]; [e==3] | 


and the solution set is {-3,-8}. 


s|x= 


=11+4/25 
5 


9 


7. ? 
Check No.1: I. Letx=-3 in) x? +11x+24=0; (-3)? +11x-3+24=0 ; 9-334+24=0 ; 0=0 


9 


? ? 
Il. Letx=-8 in x*+1lx+24=0; (-8)? +11 8+24=0 ; 64-88+24=0 ; 0=0 


ve ? 
Check No. 2: x? +11x +24=(x+3)(x+8) 5 x7 +11 +24=(x-x)+(8-x)+(3-x)+(3-8) 
? ? 
5 x7 +11 t+ 24=x7 +80 43x4+24 5 x7 411 +24=x7 +(843)x424 
5 x7 +1 1x +24 5x7 +11 +24 


Therefore, the equation x? +11x+24=0 can be factored to (x +3)(x+8)=0. 
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Example 1.2-9 
Solve the quadratic equation 9 = -x? - 6x. 
Solution: 


First, write the equation in standard form, i.e., x7 +6x+9=0. 


Next, let: , , and . Then, 


-~b+b* —4ac 6 +62 —4x1x9 6 + (36 — 36 6+ 0 6 +0 
Given: x= 3 |x = 3|x = 5 (2 = 5 (2 = 
2a 2x1 2 2 a 
3 
jr=-§):)r=-2] SI 


In this case the equation has one repeated solution, 1.e., and [x =-3]. 


Thus, the solution set is {-3,-3}. 


? ? 2 
Check No. 1: Letx=-3 in x? +6x+9=0 ; (-3)°+6x-34+9=0 ; 9-18+9=0 ; 18-18=0 ; 0=0 
2 ? 
Check No. 2: x? +6x + 9=(x +3)(x +3) : x? +6x+9=(x-x)+(3-x)+(3-x)+(3-3) 


? 2 
; x? 46x 4+9=x" + 3x 43x49 ; x? +6x+9=x* +(34+3)x+9 ‘ 


x? +6x4+9=x7 46x49 
Therefore, the equation x* +6x+9=0 can be factored to (x+3)(x+3)=0. 


Example 1.2-10 
Solve the quadratic equation w* +1=-Sw. 
Solution: 


First, write the equation in standard form, i.e., w* +5w+1=0. 


Next, let: : , and . Then, 


—~b+b* —4ac 5457 -4x1x1 ~§+./25-4 
Given: | w=———_ |; |w= slw= 
2a 2x1 2 
—5+458 
1. fw= PE") w=" | eso] I, fw= 53) |v =-2* |; E=479] 


and the solution set is {-0.21, - 4.79} . 


s|W=—S 


? ? 
Check No. 1: I. Letw=-021 in w?+1=-Sw ; (-0.21)° +1=-5x-0.21 ; 0.05+1=105 ; 105=1.05 
? 2 
Il. Let w=-4.79 in w*+1l=-5w; (-4.79)’ +1=-5x-4.79 3 229+1=239 ; 239=239 


9 


? ? 
Check No. 2: w? +5w+1=(w+021)(w+4.79) ; w? +5w+1=(w-w)+(4.79- w)+ (0.21-w)+(0.21-4.79) 
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Quadratic Equations 1.2 Solving Quadratic Equations Using the Quadratic Formula 


9 ? 
5 w? +5w+l=w? +4.79w+ O2Ilw+l 3 w? +5w+l=w? +(4.79+021)w +l 


; w? +5wtl=w?+5w4l 
Therefore, the equation w* +5w+1=0 can be factored to (w +0.21)(w +4.79)=0. 


Note that when c= 0 the quadratic equation ax” +4x+c=0 reduces to ax? +bx =0. For cases 


where a =1, we can solve equations of the form x? +x =0 using the quadratic formula in the 
following way: 


Example 1.2-11 


Solve the quadratic equation x? +5x =0. 
Solution: 


The equation is already in standard form. 


Let: [a=1),[b=5], and[c=0]. Then, 


. —b+Vb? —4ac 5+ 57 —4x1x0 -5+/25-0 5+ 4/25 545° 
Given: |x= ;|x= “= a= Ba 
2a 2x1 2 2 2 
—5+5 
— Therefore: 


and the solution set is {0,—5}. 


}-{) eS: ES 


? ? 
Check No. 1: I. Letx=0 in x?2+5x=0 ; 07 +5-0=0 ; 0+0=0 ; 0=0 


? ? 
Il. Letx=-5 in x? 4+5x=0 ; (-5)?+5--5=0 ; 25-25=0 ; 0=0 
9 2 


5 
Check No. 2: x? +5x=(x+0)(x+5) 5 x? +5x=(x-x)+(5-x)+(0-x)+(0-5) 5 x7 +5x=x7 +5x+0+0 
: x7 45x =x7 +5x 
Therefore, the equation x7 +5x=0 can be factored to (x+0)(x+5)=0 which is the same as 
x(x + 5) =0. 
Example 1.2-12 


Solve the quadratic equation x? = 9x. 
Solution: 


First, write the equation in standard form, i.e., x? -9x=0. 


Next, let: ; , and [c=0]. Then, 
: 2 2 


: —b+ Vb? —4ac 
Given: |x= ah : 
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Quadratic Equations 


9497 9+9 
eS ela Therefore: 
2 2 
t feb =D u. p=: 


and the solution set is {0,9} . 


1.2 Solving Quadratic Equations Using the Quadratic Formula 


9 


? 
Check No. 1: I. Letx=0 in x? =9x ; 07 =9-0 3 0=0 


? 
Il. Letx=9 in x* =9x 3 97=9-9 ; 81=81 
? ? ? 
Check No. 2: x? ~9x=(x + 0)(x—9) 5 x? —9x=(x-x)+(-9-x)+(0-x)+(0- 9) ; x? —9x=x* —9x+0+0 


A x? -9x = x7 -9x 


Therefore, the equation x?-9x=0 can be factored to (x+0)(x-9)=0 which is the same as 
x(x — 9) =0. 


Practice Problems - Solving Quadratic Equations of the Form ax? +bx +e , where a =1, Using the Quadratic Formula 


Section 1.2 Case I Practice Problems - Use the quadratic formula to solve the following 
quadratic equations. 


l. x? =-5x-6 2. y*—40y =-300 3, -x=-x7 420 
4. x743x4+4=0 5. x*-80-2x=0 6. x7 +4x+4=0 
TO 26 Saye pop 8. 4x =x? 9. 2*-37z-120=0 
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Case II Solving Quadratic Equations of the Form ax? + bx +c=0, where a ) 1, Using the Quadratic Equation 


Trinomial equations of the form ax*+bx+c=0, where a )1, are solved using the following 
steps: 

Step 1 Write the equation in standard form. 

Step 2 Identify the coefficients a, b, and c. 


-~b+yb? —4ac 


Step 3 Substitute the values for a, b, and c into the quadratic equation x= 5 
a 


Simplify the equation. 


Step 4 Solve for the values of x. Check the answers by either substituting the x values into 
the original equation or by multiplying the factored product using the FOIL method. 


Step 5 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how second degree trinomial equations are solved 
using the quadratic formula: 


Example 1.2-13 


Solve the quadratic equation 2x* + 5x =-3. 
Solution: 


Step 1 
Step 2 Let: ; , and < hen: 


-~b+yb? —4ac § +57 -4x2x3 5+ 4/25-24 
Step 3 Given: |x = |\e= x= 
2a 2x2 4 
ea 


Step 4 Separate x = 


+1 
into two equations: 


p= a1), 


[x =-1] IL. |x = 


& 
| 
NA | Aw 
* 
| 
| 
N | Ge 


Thus, the solution set is = 1, ‘7 


2 9? 
Il. Letx=-= in 2x*+5x=-3;3 (3) +(sx-3}=-3 ; 2x2-—= =-3 
2 4 2 
4 2x18)—(415) ? ~60? : 
gE SUS Scene SOON ge 0A en A 


4 2 4x2 
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? ? 
Check No. 2: is ee ta a 5 2x? + 5x +3=(2x-x)+(3-x)+(1-2x) +(1-3) 
9 
Ox? 4Seb3=2? 43x4243 5 2x? 452 43= 2x? +(3+2)x+3 
5 2x? +5x+3=2x7 +5x43 
Step 5 Therefore, the equation 2x* +5x+3=0 can be factored to (x «(2 + 3) =0 
which is the same as (x+1)(2x+3)=0 
Example 1.2-14 


Solve the quadratic equation 15x” =-7x +2. 


» |15x7 +7x =0+2]; 15x? + 7x =2| 


Solution: 


Step 1 15x? =—-7x +2); |15x? + 7x =-7x4+7x+2 


Step 2 Let: ' , and . Then, 


—~b+1b* —4ac ~T+V7? —4x15x-2 -7+ 4/49 +120 
Step 3 Given: |x = eS ; |x = 
2a 2x15 30 
le eMe baa 
: 30 


Step 4 Separate x =— 


AFA 


Thus, the solution set is ai . 


3 into two equations: 


1 5 yee 1 ie 3 
Check No. 1: I. Letx == in 15x“ =-7x+2 ; i] (ax) +2 5 15x—=-—+2 
5 5 5 25 5 


3 
elt i 2 3 ?(-7x1)+(2x5) | 37-7410 , 33 
f 25 oes bien 5x1 oan 


2 ay 2 1 
Il. Letx=-< in 15x? =-7x +2; 1-2) [-1x-2} +2 ; 15x—=—+2 
3 3 9 3 


20. 
60214 2 , 202 (14x1)+(2x3) | 2071446 | 20_ 20 
$301" 3 3x1 . 33 a 8 


? ? 
Check No. 2: 15x* +7x-2=(5x-1)(3x +2) 5 15x? + 7x —2=(5x-3x) +(2-5x) + (-1-3x) +(-1-2) 


? ? 
5 15x? +7x-2=15x7 +10x—3x-2 5 15x? + 7x-2=15x? +(10—3)x— 
5 15x? +7x—2=15x7 +7x-2 
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Quadratic Equations 


Step 5 


Example 1.2-15 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Check No. 1: I. Let x => in 


Check No. 2: 


Step 5 


Example 1.2-16 


Solution: 
Step 1 


1.2 Solving Quadratic Equations Using the Quadratic Formula 


Therefore, the equation 15x” +7x-—2=0 can be factored to (« = 4 (« * 2) =0 


which is the same as (5x-1)(3x+2)=0 


Solve the quadratic equation 4x7 +4xy =3y”. Let x be the variable. 


Ax? + 4xy =3y? : 4x? +4xy —3y? =3y 3y7 : 4x? +4yx —3y? =0 
Let: [a=4], ,and Je =-3y"]. Then, 


pe odae ~(4y) + f(4y)? 4x 4x -3y? 
Given: x= 
2x4 


Lape eee +48y? a (o4y? = 


ee 


Separate x = 


= EY, anys = By). 
8 
2 


Thus, the solution set is ig ; , 


into two equations: 


4x? + 4xy = 3y7 


? 
5 y+ 2y7=By? 5 By? =3y? 


3y 


I. eee in 4x? +4xy =3y? 


2 
; 52s ny? 
4 2 


=(2x - y) (2x + 3y) 


i 
23y2 5 Oy? —6y7 =3y” 


=(2x . 2x) + (2x : 3y) “A; (2x : -y) 


? 


; 4x? +4yx —3y? =4x? 


4x? +4 yx —3y? 5 4x7 +4 yx —3y? 


? 
+(-y-3y) ; 4x? +4yx —3y? =4x? + 6xy —2xy—3y" 
+ (6—2)xy -3y? 
Therefore, the equation 4x” + 4yx -3y? =0 can be factored to 


E -2) (x + 3Y) . 0 which is the same as (2x- y)(2x+3y)=0 


3 4x? +4yx —3y? = 4? +4xy—3y? 


Solve the quadratic equation 2x7 +15=13x. 


2x7 +15 = 13x]; |2x? -13x +15 =13x-13x] ; [2x7 -13x +15 =0 
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Step 2 Let: : , and . Then, 


- oe 13) +4{(-13)? —(4x2x15 
2a 2x2 
|, 13#vl69-120] | _ 132 v49] | _ 1327 
> 4 5 4 ° 4 
13+ 


Step 4 Separate x= 3=7 into two equations: 


I. re 5 iss Il. rea), 


Thus, the solution set is {3 5} : 


9 


? 4 ? 
Check No. 1: I. Letx=5 in 2x7 415=13x 3 2(5)? +15=13x5 5 2x25+15=65 ; 50+15=65 


5 65=65 


2 2 ? 2 
II. wee in 2x? +15=13x ; (3) sisi : i ee : cy eae 
2 2, 2 4 2 


gi 539: g (1x9)+(2x15)?39 | 9430739 | 39 39 
co eas ae 1x2 De 2 (i ie’: 


Check No. 2: ax? -13x-415=(x—$)(2x—3) : ax? —13x-+15{x2x)+(x--3)+(-5-2x) 4(-5-—3) 
5 Ox? —13x-415=2x? —3x—L0x-415 3 x? —13x-415=2x? +(-3-10)x-+15 
5 2x? —13x +15 = 2x7 -13x +15 
Step 5 Thus, the equation 2x* —13x+15=0 can be factored to (x- 8(x -3) =0 
which is the same as (x-5)(2x-3)=0 
Example 1.2-17 


Solve the quadratic equation 4x” -15x-4=0. 
Solution: 


step | 
Step 2 Let: ; , and . Then, 


- ae 15)+4|(-15)? -(4x4x-4 
2a 2x4 
2 8 5 8 ; 8 
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+17 


Step 4 Separate x = = into two equations: 


8 

; 1 

t {r= 15+!7].|, 22). Reg [v= 5=27].J,-—2 sfe=-4] 
8 : 8 g 4 


Thus, the solution set is > i}. 


? ? 
Check No. 1: I. Lerx=4 in 4x?-15x-4=0 ; (4x4?)-(15x4)—4=0 ; (4x16) -60-4=0 


9 


? ? 
5 64-60-4=0 ; 64-64=0 ; 0=0 
? 


2 ? 
IL. ee in 4x*-15x-4=0; 4x( 1) [15% 7 4=0 ; fog? 525 
4 4 4 16. 4 


2 3 ? 


4 0 4=0; 4-05 4=0 ; 4-4=0 ; 0=0 


? ? 
Check No. 2: 4x? - 15x -4=(x d(x+4}=o : ax? ~15—4a(x-2) +(4-x} +( 4-x)+[ 41) 


1 


? -x)— . ? = 
|? sy —anst (ll yee uy 1 3 4x? -15x 4=x7+( 16) 1 


9 2? 
4 
> 4x? —15x 4x7 +7 4x-1 3 4x? -15x 4x2 +(2 *) 1 


1-4 4 


? 2 
5 4x? —15x-4=x? ra 13 4x? -15x 4n4.(2? ra 


5 4x? -15x-4= 4x? -15x-4 
Step 5 Thus, the equation 4x? -15x-4=0 can be factored to (x- a(s + ‘) =0 


which is the same as (x - 4)(4x+1)=0. 


Additional Examples - Solving Quadratic Equations of the Form ax” +bx+c=0 , where a ) 1, Using the Quadratic Formula 


The following examples further illustrate how to solve quadratic equations: 


Example 1.2-18 
Solve the quadratic equation 3x7 +7x-6=0. 
Solution: 


The equation is already in standard form. Let: ; , and . Then, 


—b+Vb? —4ac TANT? —4x 3x6 -7+/49+72 -7+4J/121 
Given: |x= 5 5|x= Ix3 5 |x = 6 3 |x = 6 
a x 


2 
—T+vll —7+11 
he es Therefore: 
6 6 
5 3 
-74+11 -7-11 
t fe- 24), -4 u, x= % }--4): a 
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Thus, the solution set is {3 z : 


? ? 
Check No. 1: I. Let x=-3 in 3x? +7x-6=0 ; 3-(-3)°+7-(-3)-6=0 ; 3-9-21-6=0 


? ? 
; 27-21-6=0 ; 27-27=0 ; 0=0 


2 9 9 
2 2) 2 
i. ies" A a7 472-620 5 3-(2] +7-(2}-6=0 53.444 6=0 
3 3 3 9° 3 
to 14? 4 14 ? 4414? 18 ? ? 
: -~6=0; 6=0; 6=0; 6=0 ; ~-6=0 ; 6-6=0 
9 3 3 3 3 
3 
5 0=0 


? ? 
Check No. 2: 3x? +7x—6=(x +3)(3x-2) 3 3x7 + 7x —6=(x-3x)+(-2-x)+(3-3x)+(3--2) 


2 2 
5 3x7 +7x-6=3x7 -2x4+9x-6 5 3x7 + 7x—-6=3x" +(-2+9)x-6 


> 3x7 +7x-6 = 3x7 +7x-6 
2 ed 
Therefore, the equation 3x? +7x-—6=0 can be factored to (x+ a(x -2) =0 which is the same 


0s (43 F—g)o0 s 43 (PS 0; ea -05 (FA(AA}-0 


(x+3)-(Gx=2) _ 4 _ (x +3)-Gx-2) 0 
1-3 ° 1-3 1 
Example 1.2-19 


Solve the quadratic equation 6x” =-7x-2. 


5 [(x+3)-(x-2)]-1=0-3 5 (x+3)(3x-2)=0 


o 


Solution: 


First, write the equation in standard form, i.e., 6x7 +7x+2=0 


Next, let: ; , and . Then, 


_ ~btyb* —4ac = 4ac V7? -4x6x2 pa es J49 —48 48 ae = ey 
Given: 
2x6 
pay 
Therefore: I. — ob Ea Il. 


Thus, the solution set is {-} a 


3 

29 2 
Check No. 1: I. bet x=-> in 6x? =-7x 2; 6 t -( Tx 1) 23 6-4 2;4 
2 


8 OH (22) SIs 38 
eo i-4 7. 3 
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8 
29 ? ? 
IL. epee se in 6x? =-Tx 2; 2) -( 7x 2) ee 14 ges Sh 2 
. 9° 3 g 3 1 
_ 82 (14-1)-(2-3) | 8214-6 | 8 8 
3 3-1 ae Ta 


? ? 
Check No. 2: 6x? + 7x +2=(2x +1)(3x+2) 5 6x? + 7x +2=(2x-3x) +(2-2x)+(1-3x) +(1-2) 
? a 
5 6x7 + Tx +2=6x7 +4x 43x42 5 6x2 + 7x+2=6x7 +(443)x+4+2 


5 6x7 +.7x +2 = 6x7 47x +2 


Therefore, the equation 6x” +7x+2=0 can be factored to (x ~ ) (x + 2) =0 which is the same 


a6 (Z+4)(+2)=0 [Caley (Gx) ie (ee oc ; eel ew) 4 


Preyer?) 0 [(2x +1)-(Gx +2)]-1=0-6 5 (2x4+1)(3x+42)=0 


Example 1.2-20 


Solve the quadratic equation -16x +5 =—3x?. 
Solution: 


First, write the equation in standard form, i.e., 3x7 -—16x+5=0. 


Next, let: [a=3],[b=-16], and . Then, 


2 
Given: [x= 22 ¥0? =aee] |, C1) yl=16)" ~443%5] |, _ 162 ¥256=60) |, _ 162-196 
; 2a : 2x3 ’ 6 . 6 
2 
16+v14 16+14 


5 
16+ 14 30 5 16-14 2 1 
= :. = x = ‘. x=5 = s =—|: |x=— 
. | 2 fF uf) fF Leg 


Thus, the solution set is f. 5} : 


ie 2 as ae Ok cae Ce eee 
Check No. 1: I. Letx=~ in —16x+5=-3x" ; 16:5 t= 3: : +5=-3. 


16 5” B . (-16-1)+(5-3)?_ 1, -16+15? 1, 1 
2 9° 3-1 a 3 Se ae 


> 


? 2 
Il. Letx=5 in -16x+5=-3x? 3 -16-54+5=-3-57 ; -804+5=-3-25 ; -75=-75 
? ? 
Check No. 2: 3x? lox +5-[ (x 5) ; 3x? -16x +5=(x-x)+( s-x)+ Lx}+( 7 5 


9 


: ? 
5 3x? 16x +5=x* —5x ax 35 lor+Sex? +(-5 Dr+3 
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? ee ? 
; 3x? — 16x +5=x7 + iS e+? ; 3x” -16x+5=x" peg2 
3 3 3 3 


16 


? 
> 3x? 16x +5=3-(x7 x44) 5 3x? -16x +5 =3x7 -l6x+5 


Therefore, the equation 3x7 -16x+5=0 can be factored to (x - 4 (x-5)=0 which is the same 


as (3x -1)(x-5) =0. 
Example 1.2-21 


Solve the quadratic equation 4x” +9x =-6. 
Solution: 


First, write the equation in standard form, i.e., 4x7+9x+6=0. 


Next, let: : , and . Then, 


. —b+b? —4ac ~94+92 -4x4x6 ~9+ 81-96 ~9+4/-15 
Given: a een 5 al se : he 5 
a x 


Since the number under the radical is negative, therefore the quadratic equation does not 
have any real solutions. We state that the equation is not factorable. 


Example 1.2-22 
Solve the quadratic equation 3)” —2y=2. 
Solution: 
First, write the equation in standard form, i.e., 3y* —2y-2=0. 


Next, let: : , and . Then, 


~b+yb2 —4ac —(-2)+y(-2)? -4x3x-2 244424 2+/28 
Given: Ve 7x3 3 |v = 6 3|yv= 6 


2+53 
eae: Therefore: 


2+5. ; 2-5. 33 


Thus, the solution set is {-0.55, 1.22} . 


? ? 
Check No. 1: LL Let y=122 in 3y*-2y=2; 3-(122)? -2-122=2 5 3-148-2.44=2 
9 


+ AAA =9A4=9 92 =2 


nA ? 
Il. Let y=-055 in 3y?-2y=2 ; 3-(-055)° -2-(-055)=2 ; 3-03+11=2 
? 


: 09+1ll=2 ; 2=2 
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? 4 
Check No. 2: 3y? —2y-2=(y +055)(y—122) ; 3y? —2y —2=(y- y)+(-122- y) +(055- y) + (0.55--122) 


? ? 
5 3y? -2y-2=y? -122y +055y—067 5 3y?-2y-2=y7 +(-122 +055) y-067 


? ? 
5 3y2 —2y-2=y? 067 y-0.67 3 3y2 —2y 2=3-(y? 0.67 y 0.67) 


5 3y? -2y-2=3y? -2y-2 
Therefore, the equation 3y* -2y—2=0 can be factored to (y+ 0.55)(y-122)=0. 


Note that when c= 0 the quadratic equation ax” +bx +c =0 reduces to ax” + bx =0. For cases 
where a )1, we can solve equations of the form ax” + bx =0 using the quadratic formula in the 
following way: 

Example 1.2-23 


Solve the quadratic equation 2x” +5x =0. 
Solution: 


First write the equation in standard form, i.e., 2x? +5x+0=0. 


Next, let: . , and . Then, 


—b+yb* —4ac —5+ 57 -4x2x0 -5+/25-0 —5+/25 
Given: |x= 3|x= ee eS 
2a 2x2 4 4 
2 
—St¥5 —5+5 
a le Therefore: 
4 4 
5-5 io 5 
545 0 age 
: _ oars : lx =0] L = eee ee eee 
are er =e Sh ae a 


Thus, the solution set is {0,-2.5} . 


a] 


? ? 
Check No. 1: I Letx=0 in 2x7 +5x=0 ; 2-07+5-0=0 ; 0+0=0 ; 0=0 


9 


? ? 
Il. Letx=-25 in 2x7 +5x=0; 2-(-25)” +5--25=0 ; 2-625-125=0 3 125=125 
? ? 
Check No. 2: 2x? +5x=(x+0)(x+25) ; 2x7 +5x=(x-x)+(25-x)+(0-x)+(0-25) 


2 ? ? 
Ox? +5x=x?+25x4040 5 2x? +5x=27425x 5 2x? +5x=2/x? + 25x] 
5 2x? +5x = 2x7 +5x 
Therefore, the equation 2x? +5x=0 can be factored to (x +0)(x+25)=0 which is the same as 
x(x + 2.5) =0. 
Example 1.2-24 


Solve the quadratic equation 3x = 2x. 
Solution: 


First, write the equation in standard form, i.e., 3x? -2x+0=0. 


Next, let: ; , and [c=0|. Then, 
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2 
Given: |x =———————_]; |x = a = 
2a 2x3 6 6 
2+42? 
|= 
6 
2 
3 


Thus, the solution set is {0, 0.67} . 


242 
a aa Therefore: 


Check No. 1: I. Letx=0 in 3x? =2x ; 3.02 =2.0 > 0=0 
Il. Let x =0.67 in 3x? =2x ; 3.0672 =2-067 : 3.0448-=134 5 134=134 
Check No. 2: 3x? —2x=(x+0)(x—067) 3x? —2x=(x-x)+(-0.67-x)+(0-x)+(0--067) 
Rare Peo Sa =o Oe 3x? —2x=3(17— 0675] 


; 3x7 —2x = 3x7 —2x 
Therefore, the equation 3x? -2x =0 can be factored to (x +0)(x-0.67)=0 which is the same as 
x(x-067)=0. Note that if both sides of the equation are multiplied by 3 we obtain 
3. x(x —0.67) =0-3 ; 3x7 2x =0 which is the same as the original equation. 


Similar to the examples presented in Section 3.3 Case II in the Mastering Algebra — Intermediate 
Level book, the steps in solving the following class of quadratic equations is very similar, if not 
identical, to the previous problems solved in this section. However, in the following set of 
examples to ensure proper factorization, we need to accurately match the given coefficients of 
x’, x, and the constant term with the coefficient and the constant term of the standard quadratic 


equation ax?+bx+c=0. For example, given the quadratic equation 10x? -14xy-12y” =0 we 


know that a=10, b=-14y, and c=-12y”. Once this equality is established, then the remaining 
steps are identical to the steps used in solving the previous problems. To further illustrate this 
point the same examples that were used in Section 3.3 Case II in the Mastering Algebra — 
Intermediate Level book, i.e., examples 3.3-41 through 3.3-44 are solved below. However, the 
method used here is the Quadratic Formula method as opposed to the Trail and Error method, 
which was used in Section 3.3 of the book. 
Example 1.2-25: 

Solve 6x? +10xy +4y? =0 (x is variable and y is constant). 

Solution: 


First - Simplify the equation, i.e., 6x7 +10xy +47 =0 ; 23x? +5xy+ 2y?) =0 ; 3x7 4+5xy+2y* =0 
Second - Write the equation in standard form, i.e., write 6x? +10xy+4y* =0 as 
6x? +(10y)x+4y? =0. 


Third - Equate the coefficient of the standard quadratic equation with the given equation, i.e., 
let a=6, b=10y, and c=4y’. 
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Fourth - Use the quadratic formula to solve the equation, i.e., given 


2 
-b+b? —4ac -10y + y(10y) -4x6x4y? -10y +100? —96y? 
x= 5 x= ; x= 


2a 2x6 ‘ 12 
-10y+/4y2 -10y+27 y? -10y+2 
5 x= Z x 5 x= ss z ‘peo ee Therefore: 
12 12 12 
2 
-10y+2y 8 2 
I. ; 5; x=-—y 3 x=-067 
12 12” 37 y 
3 
10y—2y 12 
Il. 5 x ‘ =~— 
12 Go 


Thus, the solution set is {—y,-0.67y} . 


Fifth - Check the answer by substituting the solutions into the original equation. 


? 
I. Let x=-067y in 3x? +5xy+2y? =0 ; 3-(-0.67y)? +5-(-0.67y)-»+2y7=0 
; 


4 ? ? 
5 3x 045y* —335y? +2y7=0 5 135y? -335y? +2y7=0 ; (135+ 2)y? —335y* =0 
? 
> 335y7 -335y7=0 ; 0=0 
? ? 
Il. Letx=-y in 3x*+5xy+2y?=0; 3-(-y)? +5-(-y)- +297 =0 5 By? —5y? +2y7=0 


? ? 
5 (3+2)y? -5y?=0 ; 5y? —5y7=0 ; 0=0 
Therefore, the equation 3x7 +5xy+2y? =0 can be factored to (x+0.67y)(x+y)=0 which 


is the same as E + 2,) (2x+2y)=0 ; (8x+2y)(2x+2y)=0. (Compare this answer with the 


result obtained in example 3.3-41 in the Mastering Algebra — Intermediate Level book.) 
Sixth - Check the answer using the FOIL method. 

(x +0.67y)(x+ y)=0 3 x-xtx-yt+067y-x+067y-y=0 5 x? +xy +0.67xy + 0.67)" =0 

5 x? +(1+0.67)xy +0.67y2 =0 ; x7 +167xy+067y? =0. Let’s multiply both sides of the 

equation by 6, i.e., 6-(x? +167xy +0.67y"| =6-0 ; 6x? +10xy+4y? =0 which is the same as 


the original equation. 
Example 1.2-26 A: 
Solve 2x? -19xy+35y* =0 (x is variable and y is constant). 
Solution: 
First - The equation is already in its simplest from. 


Second - Write the equation in standard form, i.e., write 2x7 —19xy+35y? =0 as 
2x? +(-19y)x+35y? =0. 

Third - Equate the coefficient of the standard quadratic equation with the given equation, i.e., 
let a=2, b=-19y, and c=35y?. 

Fourth - Use the quadratic formula to solve the equation, i.e., given 
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bee? —dac , _ ~(-19y)ty(-199)?—4%2%35y? tay + f361y? — 2809? 
= , — xX 


> > 


x 


2a 2x2 4 
pp 2:2. .2 
19y+81 19yt+9 19y+ 
gS zs if ee sd # eo a a, Therefore: 
4 4 4 
19y+9y 28 7 19y-9y 10 5 
x Fi x re x es x=T7Ty x ji x rs x td 


Thus, the solution set is a y,7 y} : 
Fifth - Check the answer by substituting the solutions into the original equation. 
5 ? ? 
I. Letx=-Ty in 2x? -19xy+35y? =0 ; 2-(7y)” -19-7y-y +35y? =0 ; 2-49y? -133y? +35y? =0 


? : ? 
5 98y? —133y? +35y? =0 5 (98—133)y* +35y? =0 5 —35y*+35y? =0 3 0=0 


2 2 
IL. Let x=>y in 2x? —19xy+35y? =0; 2(3) -19-(3y}-y+35)? =0 
25 9 5 2? 25 > 95 9 2? (28 °5) 2 2? 
CPS PP 19 ys 4 5 0. 9 3 0 Sb Sp =O 
rd Rete ee y ere y 


35 
= 2 y 2 
: (79-99) 2 +35y7 =0 ; -?y +35y7=0 3 —35y? +35y” =0 3 0=0 
Therefore, the equation 2x* -19xy +35y* can be factored to (x-7 y)[ x - : y) =0 which is 
the same as (x-7y)(2x-—5y) =0. (Compare this answer with the result obtained in example 


3.3-42A in the Mastering Algebra — Intermediate Level book.) 


Sixth - Check the answer using the FOIL method. 
(x-7y)(2x-5y) =0 5 x-2x-—x-5y—Ty-2x-Ty-(-Sy) =0 5 2x? —Sxy—14xy + 35y? =0 


5 2x? +(-5-14)xy +35y7 =0 5 2x7 -19xy+35y? =0 which is the same as the original equation. 
Let’s rework this problem. However, this time let y be the variable and x be the constant as follows: 
Example 1.2-26 B: 
Solve 2x? -19xy+35y* =0 (y is variable and x is constant). 
Solution: 
First - Write the equation in standard form, i.e., write 2x? —19xy+35y” =0 as 
35y7 +(-19x)y + 2x? =0. 
Second - Equate the coefficient of the standard quadratic equation with the given equation, 
ie., let a=35, b=-19x, and c=2x". 


Third - Use the quadratic formula to solve the equation, 1.e., given 


—b+yb? —4ac | _=(-19x) #f(-192)? 435x227 _y _19xV361x? ~280x? 


oe 2a an YAS 70 


de 19xt¥81x7 ie 19xtV97x7 19x 9x 


: ae . Therefore: 
70 70 70 


2: 
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Quadratic Equations 


14 
19x +9x 28 4 19x -9x 10 
Le y= 5 VSagX 5 VETeX W=04 mT 5 V=5,% 5 VAT 
alam a i Ra ee 70 79 aa 


Thus, the solution set is fo x, ns| : 
Fourth - Check the answer by substituting the solutions into the original equation 
I. Let y=0Ax in 2x? -19xy+35y? =0 3 2x? -19x-(0.4x)+35-(04x)? *9 
76x? +35-016x? =0 2x? 76x? +5.6x? =0 3 2x2 +(-7.6+56)x2 =0 5 2x? 2x? =0 


oor es 4 
: 0=0 
l 
Il. Let y=—x in 2x? 1917435)? =0 5 2x? 19 x}+3 s(2 :) =0 
25 9 5 2? 255 95 e ? (2 °5) 2 2? 
5 2-—y* -19-—y-y+35y~ =0 5 — +35y? =0 3 | —-—]y* +35y? =0 
res ee aces Ge 2 2 
2 
2: ? 
= 93? oA 2 435-7 =0 5 2x2 —2.71x? +071x2 =0 5 2x2 +(-2.7140.71x2 = 


? 
5 2x? 2x7 =0 ; 0=0 
: 1 
Therefore, the equation 35)” —-19xy+2x” =0 can be factored to (y- 04y)( y- ,| 0 which 


is the same as (» 4)-(y Lx}=03(y 2x)-(9 x) =05 (Sy-2)-(19 x)=0 


(Compare this answer with the result obtained in example 3.3-42B in the Mastering 


Algebra — Intermediate Level book.) 


Fifth - Check the answer using the FOIL method 
Sy —14r) (Ty=*) ae (35y -14x)-(7y-x) Bi 
: 3537 


1 14 1 
= 4 aa = . -0 4 
vero a\(» >] ae [y aap 3) ( 35 7 
[(35y -14x)-(7y—x)]-1= 245-0 ; (35y—14x)-(7y—x)=0 
245y? ~133xy +14x? =0 


| B5y=14y)-(1y=x) 0 


245 1 
5 245y? —35xy —98xy + 14x? =0 5 245y? +(-35-98)xy 4 14x? =0 5 
: 5 35y° -19xy + 2x~ =0 which is the same as the original equation 


_ 245y? -133xy 14x? _ 
; 7 


Example 1.2-27: 
Solve 3r? +11rs+10s* =0 (r is variable and s is constant) 


Solution: 
First - Write the equation in standard form, 1.e., write 37“ +117s+10s~ =0 as 


3r? +(L1s)r +1057 =0. 
Second - Equate the coefficient of the standard quadratic equation with the given equation 


ie., let a=3, b=1ls, and c=10s". 
Third - Use the quadratic formula to solve the equation, 1.e., given 


26 
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2 2 
= bb? —4ac | rls y(t) —4x3x 10s rls + VI2I8? - 1208? — =Lls ts? 
. 7 6 


> 2. = ~ f= 
2a 2x3 6 
-lls+ 
ae Therefore: 
11 2 
I pean ae ; JAS pe s 3 r= 167s 
6 6 
3 
2 
=lis= 2 
ie poate 12 | 


seer Sa La 2s and the solution set is {-2s, - 167s} . 
Fourth - Check the answer by substituting the solutions into the original equation. 


? 
I. Let r=-167s in 3r? +1 1rs+10s? =0 ; 3-(-1675)” +11-(-1.675)- +105? =0 
a4 ? y 
; 3-(2.795?) 1837s? +10s?=0 5 837s? 1837s? +10s7=0 ; (837+10)s? -1837s? =0 
? 
; 1837s? -1837s7=0 ; 0=0 
? ? 
Il. Letr=-2s in 3r? +1 1rs+10s? =0 ; 3-(-2s)° +11-(-25)-9+10s?7=0 ; 3-45? — 2257 +105? =0 
? 2 ? 

5 12s” 2257 +10s7=0 ; (12+10)s?-22s7=0 ; 22s*-22s7=0 ; 0=0 

Therefore, the equation 3r? +11rs+10s” =0 can be factored to (r +1.67s)(r +2s) = 0 which is 


the same as (- + >) (r+2s)=0 ; (3r+5s)(r+2s)=0. (Compare this answer with the result 
obtained in example 3.3-43 in the Mastering Algebra — Intermediate Level book.) 
Fifth - Check the answer using the FOIL method. 
(r+1.67s)(r+2s)=0 5 rertr-2s+1.67s-r+167s-25=0 3 r? + 2rs+1.67rs +3345" = 0 
5 r? +(2+167)rs +3348? =0 5 r? +3.67rs+334s* =0. Let’s multiply both sides of the equation 


by 3, Le., 3-(0? +3.67rs +3345?) =3-0 ; 3r7+11rs+10r? =0 which is the same as the original 
equation. 
Example 1.2-28: 


Solve 21n? +41mn+10m? =0 (n is variable and m is constant). 
Solution: 


First - Write the equation in standard form, i.e., write 21n7 + 41mn+10m? =0 as 
21n? +(41m)n +10m =0. 


Second - Equate the coefficient of the standard quadratic equation with the given equation, 
ie., let a=21, b=4Im, and c=10m’. 


Third - Use the quadratic formula to solve the equation, 1.e., given: 


2 
~b+yb? -4ac ~ 41m (41m) = 4x 21x 10m? ~4Alm+ ¥1681m? — 840m? 
n= 7 n= 5 n= 


2a 2x21 , - 
2 Iyq2_2 
= +7 7 a = + 
con —_ :n= —S mesne — Therefore: 
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6 
Tc a th Oe ee on 
a2 4 mn 
21 
35 
adi Le 7 
42 42 a 


Thus, the solution set is {-0.28m, - 1.66m} . 
Fourth - Check the answer by substituting the solutions into the original equation. 
? 
I. Let n=-0.28m in 21n? +41mn+10m? =0 ; 21-(-0.28m)* +41m-(-0.28m) +10m? =0 
? ? ? 
; 21-(0.08m?)—1148m? +10m?=0 ; 16m? -116m? +10m? =0 ; (1.6-+10)m? ~ 116m? =0 
? 
5 116m? -116m7=0 ; 0=0 
2 
Il. Letn=-166m in 21n? +41mn+10m? =0 ; 21-(-166m)* +41m-(-166m) +10m? =0 
? ? ? 
; 21-(2.75m?)— 68m? +10m? =O. ; 58m? — 68m? +10m?=0 5 (58+ 10)m? ~ 68m =0 
? 
; 68m? - 68m*=0 ; 0=0 
Therefore, the equation 21n? +41mn+10m* =0 can be factored to (n+ 0.28m)(n + 1.66m) = 0 
which is the same as (», + = n| (x, + >) =0 3 (7n+2m)(3n+5m)=0. (Compare this answer with 


the result obtained in example 3.3-44 in the Mastering Algebra — Intermediate Level book.) 
Fifth - Check the answer using the FOIL method. 

(n+ 0.28m)(n+1.66m)=0 ; n-n+n-1.66m+0.28m-n+0.28m-1.66m=0 

5 n? +1.66mn + 0.28mn +0.46m? =0 5 n* +(1.66+0.28)mn +0.46m* =0 5 n* +194mn+ 046m? =0. 

Let’s multiply both sides of the equation by 21, 1.e., 21- (x? +194mn + 046m?) = 21-0 

; 21n? +41mn+10m? =0 which is the same as the original equation. 


Note that since the solutions are rounded off to the first two digits, in some instances, we do not 
obtain an exact match with the coefficients of the original equation. 


Practice Problems - Solving Quadratic Equations of the Form ax? +bx+c=0 , where a ) 1, Using the Quadratic Formula 


Section 1.2 Case II Practice Problems - Use the quadratic formula to solve the following equations. 


1. 4u?4+6u4+1=0 2. 4w?+10w=-3 3. 6x7" 445220 
4. 15y?+3=-14y 5. 2x? -5x+3=0 6. 2x? +xy—y? =0 x is variable 
1, 6x? +7e=3=0 8. 5x? =-3x 9. 3x7 4+4x+5=0 


10. -3y? +13y+10=0 
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1.3 Solving Quadratic Equations Using the Square Root Property Method 


Quadratic equations of the form (ax +b)” =c are solved using a method known as the Square 


Root Property method where the square root of both sides of the equation are taken and the terms 
are simplified. Following show the steps as to how quadratic equations are solved using the 
Square Root property method: 


Step 1 Take the square root of the left and the right hand side of the equation. Simplify the 
terms on both sides of the equation. 


Step 2 Solve for the values of x. Check the answers by substituting the x values into the 
original equation. 


Step 3 Write the equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how equations of the form (ax +5) =c are solved 
using the Square Root Property method: 
Example 1.3-1 

Solve the quadratic equation (x +4) =36. 


Solution: 

Step 2 Separate x+4=+6 into two equations. 
I. ; 
I. [x+4=-6] ; [x=-6-4]; 
Thus, the solution set is {-10, 2}. 

Check: I. Letx=2 in (x+4)? =36 ; (2+4)?=36 ; 62236 5 36=36 
Il. Letx=-10 in (x+4)? =36 ; ( 1044)? =36 a 6)? =36 ; 36 = 36 

Step 3 Therefore, the equation (x +4)” =36 can be factored to (x—2)(x +10) =0. 


Example 1.3-2 
Solve the quadratic equation (x-2)° =25. 


Solution: 
step |(x—2)? =25];|yle—2)? = 2035]; |yle-2)? - 24? |, ates 
Step 2 Separate x—2=+5 into two equations. 


1, [x=2=45); [x¥=5+2]; [x=7] 
I. [¥=2=-5]; fp=-5+2]; [x=-3] 
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Check: 


Step 3 
Example 1.3-3 


Solution: 


Step 1 


Step 2 


Check: 


Step 3 
Example 1.3-4 


Solution: 


Step 1 


Step 2 


Check: 


1.3 Solving Quadratic Equations Using the Square Root Property Method 


Thus, the solution set is {-3, 7} . 
? ? 
I. Letx=7 in (x-2)? =25 ; (7-2)? =25 ; 5? =25 ; 25=25 


2 ? 
Il. Letx=-3 in (x—2)? =25 ; (-3-2)?=25 ; (-5)°=25 ; 25=25 


Therefore, the equation (x - 2)” =25 can be factored to (x-7)(x+3)=0. 


Solve the quadratic equation (x +2)? =8. 


Separate x+2=+2V2 into two equations. 


Thus, the solution set is {-2 mp ey 22} . 


2 2? 2? ? 
I. Let x=-2+22 in (x+2)=8; (-2+2v2 +2) =8 ; (22) =8 ; 4.2=8 
- 8=8 
2 2? ai) ? 
Il. Letx=-2-2V2 in (x+2)?=8; (-2-2v2 +2) =8 ; (-2v2} =8 ; 4.2=8 


; 8=8 


Thus, the equation (x + 2) =8 can be factored to (x +2- 22)(x +2+ 22) : 


Solve the quadratic equation (2x - 4) =16. 


Separate 2x—4= +4 into two equations. 


4 
L een ara ew: j=!) ea 


IL Gr=4e=4); Breed); =O]; r= 2); HE 
Thus, the solution set is {0, 4} . 


? a ? 
I. Letx=4 in (2x-4)? =16 ; (2-4-4)? =16 ; (8-4)? =16 ; 47=16 ; 16=16 


?. 9 9 


Il. Letx=0 in (2x-4)? =16 ; (2-0-4)? =16 ; (0-4)° =16 ; (-4)’ =16 
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16 =16 
Step 3 Thus, the equation (2x-4)’ =16 can be factored to (x—4)(x+0)=0 which is 
the same as x(x-4)=0 
Example 1.3-5 


2 
Solve the quadratic equation ( yt 2) = 7 
Solution: 
2 
2 4 
tep 1 ( +2) =—|; 
ten Peg) -6 
2 2 
Step 2 Separate irae: Se into two equations 
i= ee ae 
2. 2 p22] 2 
IL. y+3=-2 uf 
Thus, the solution set is a - 
2 29 = 29 _»\2 2 
Check: 1 yee" in (»+2} ae :( 4,2) a Al 47) = a 2) oe 
3 3 9 3. 3 9 3 9 3 9 
puaetes 
°9 9 
2 29 29 
II. Let y=0 in (»+2} = ; (0+2} = : (3) ae : J 
3 9 3 9 3 9° 9 9 
a 4 
Step 3 Therefore, the equation (v+2) =9 can be factored to & 4\( (y+0)=0 


5 +4) =0 which is the same as y(3y+4)=0. 


Additional Examples - Solving Quadratic Equations Using the Square Root Property Method 


The following examples further illustrate how to solve quadratic equations using the Square Root 
Property method: 
Example 1.3-6 
Solve the quadratic equation (6u—3)* =25 using the Square Root Property method. 
Solution: 


Therefore, the two solutions are: 


I. [6u=3= +5] ; [6u=5+3]; [6u=8] ; Ju 
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nia esses al f=, =| 


Thus, the solution set is +} +. 


29 2 29 2 
Check: I. Let u=> in (6u-3) =25 ; (6-4-3) =25; = 3) =25; (5 3 =25 ; (8-3) =25 


? 
5 57=25 5 25=25 


2 
ae ? 29 
II. Let u=—> in (6u-3) =25 ; (« ! | 275 (oP ah 2958 Ee ) =25 


He ? 
5 (-2-3)?=25 ; (-5)?=25 ; 25=25 


Therefore, the equation (6u- 3)° = 25 can be factored to (u - 4) (u ~ 4 =0( which is the same as 


(3u —4)(3u+1)=0. 
Example 1.3-7 

Solve the quadratic equation (5y+ 3)° =15 using the Square Root Property method. 
Solution: 


:|y(5y+3)? =+4V15]; Therefore, the two solutions are: 
15 —3 15+3 


J15 +3 fs-3) 
5° j 


5 


Sy+3=4+y15 3 |Sy= 


Thus, the solution set is | 


25 ? ? 
Check: I. Let y= V3 in (5y+3)" =15 ; [53,5] =15; (vis-3+3) =15 : (vis) =15 


3 
3; 15=15 
2 
? 2? 
IL Let y= in (5y+3) =15 ; [« Beh 15; | V5 3) +3] =15 


; (-vis-3+3)'=15 (vis) =15 5 15=15 


Therefore, the equation (5+3)* =15 can be factored to = 0 which is 


V15-3 V15 +3 
y y+ 
5 5 
the same as (y-0175)(y+1375)=0 ; y? +12y-024=0 ; 25y7 +30y-6=0, or (5y+3)° = 


Example 1.3-8 
Solve the quadratic equation (2w- 4)” =1 using the Square Root Property method. 
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Solution: 


l(2w-4)? =1); (2w-4)° = +1]; (ow—a)? = 21 : Therefore, the two solutions are: 


Tag TET TT TS 


Thus, the solution set is {3 +I. 


? ? ? 
Check: I. Let w=> in (2-4)? =1; (2-3-4) =1; (5-4)°=1; 1? =1; 


Therefore, the equation (2w—4)’ =1 can be factored to (w-3) (w-3) =0 which is the same as 
(2w —5)(2w-3)=0. 
Example 1.3-9 


2 
Solve the quadratic equation (x - 4 = “ using the Square Root Property method. 


Solution: 


Therefore, the two solutions are: 


1 1 1 1 
I. |x =+—|3|x=—+—|3 |x 
42) 4 (4 2 1 
II. |x = Ele la BU ek )+( Ns fr=—224):[e= 2); fe=t 
2 4 Ae 2 2-4 8 8 4 


Thus, the solution set is F + . 


16 


2 29 .3)_-(1.4))? 2 _a\2? 
Check: I. Let x= in E 1 =< 7c ! oo ic 2) ( uy cas He ‘) oe 


2 
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2 
Therefore, the equation E - 4 = - can be factored to (x - 3) E - ‘) =(0 which is the same 
s (4x-3)(4x-1)=0. 
Example 1.3-10 


Solve the quadratic equation (x + 5)? = 49 using the Square Root Property and the Quadratic 


Formula method. 
Solution: 
First Method - The Square Root Property method: 


are: 


|. (ee5=97] ; 27-3); H=2] 
W. feeS=-7]; R23); Kea] 


Thus, the solution set is {-12, 2}. 


: Therefore, the two solutions 


Check: I. Letx=2 in (x+5)? =49 ; (245) 249 ; 72249 5 49=49 
Il. Letx=-13 in (x+5)° =49; (1245)? =49 (7)? =49 5 49 = 49 
Therefore, the equation (x +5)” =49 can be factored to (x—2)(x+12)=0. 


Second Method - The Quadratic Formula method: 
Given the expression (x +5)? =49, expand the left hand side of the equation and write the 
quadratic equation in its standard form, 1.e., 


Let: [a=1],[b=10], and [c=~-24]. Then, 


-b+b* —4ac -10 +10? —(4x 1x -24) ~10+/100 +96 ~10+ 196 
Given: |x = 5 |x = pa 
2a 2x1 2 2, 
-10+y147 -10+14 ; 
3|x= 5 ae Therefore, we can separate x into two equations: 


Thus, the solution set is tet —12, 2} 


The equation (x +5)” = 49 can be factored to (x-2)(x+12)=0. 


Note: As you may have already noticed, using the quadratic formula may not be a good 
choice since it requires more work and takes longer to solve. The key to solving quadratic 
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equations is selection of a method that is easiest to use. Further discussions on selection of a 
best method is addressed in Section 1.6. 


Note that when b=0 the quadratic equation (ax +b)” =c reduces to (ax)? =c. The following 


examples show the steps as to how quadratic equations of the form (ax) =c are solved for cases 
where the coefficient of x is equal to or greater than one. 


e For cases where a=1, we can solve equations of the form x” 


Property method in the following way: 

Example 1.3-11 

Solve x” =16 using the Square Root Property method. 
Solution: 


First - Take the square root of both sides of the equation, i.e., Vx? =+V16 


=c using the Square Root 


Second - Simplify the terms on both sides to obtain the solutions, 1.e., x = +4. Therefore, the 
solution set is {-4, 4} and the equation x? =16 can be factored to (x-4)(x+4)=0. 


? 
Check: I. Letx=-4 in x? =16 ; (-4)?=16 ; 16=16 


i 
Il. Letx=4 in x? =16 ; 47=16 ; 16=16 
Example 1.3-12 


Solve w? =5 using the Square Root Property method. 
Solution: 


First - Take the square root of both sides of the equation, i.e., Vw? =+/5 


Second - Simplify the terms on both sides to obtain the solutions, i.e., w=+ 5. Therefore, 
the solution set is {-5, JS } and the equation w? =5 can be factored to (w = V5)(w + 15) =0. 


2? es 192 
Check: I. Let w=-<5 in w? =5 ; (-v5) 26 f).452:| $952 25°) 5 =5 


9 


225 1), 19? 
I. Letw=4/5 in we =5 ; (V5) =§;|52] =5;52 =5;5=5 


e For cases where a)1, we can solve equations of the form (ax) =c (which is the same as 
kx? =c, where k =a”) using the Square Root Property method in the following way: 
Example 1.3-13 
Solve 3x” =27 using the Square Root Property method. 

Solution: 
9 

Bx*> 27g DO 
Se 

3 3 1 
Second - Take the square root of both sides of the equation, 1.e., es =+ 9 


First - Divide both sides of the equation by the coefficient x, 1.e., 


Third - Simplify the terms on both sides to obtain the solutions, i.e., x = +3 


Therefore, the solution set is {-3,3} and the equation 3x” = 27 can be factored to (x-3)(x+3)=0. 
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? ? 
Check: I. Letx=-3 in 3x7 =27 3 3-(-3)?=27 ; 3-9=27 5 27=27 


? ? 
Il. Letx=3 in 3x2 =27 ; 3-37=27 3 3-9=27 5 27=27 
Example 1.3-14 


Solve 2y? =9 using the Square Root Property method. 
Solution: 


2 


First - Divide both sides of the equation by the coefficient y, i.e., a -+ Lys ; 5 py? =45 


Second - Take the square root of both sides of the equation, i.e., {y? = +/45 


Third - Simplify the terms on both sides to obtain the solutions, i.e., y=+2.12. Therefore, the 
solution set is {-2.12, 212} and the equation 2)? =9 can be factored to (y—212)(y+212)=0. 


? ? 
Check: I. Let y=-212 in 2y? =9 ; 2-(-212)°=9 ; 2-45=9 ; 9=9 


9 


? 
Il. Let y= -212 in 2y? =9 ; 2-2127=9 ; 2-45=9 ; 9=9 
Practice Problems - Solving Quadratic Equations Using the Square Root Property Method 


Section 1.3 Practice Problems - Solve the following equations using the Square Root Property 
method: 


1. (2y+5)? =36 2. (x+l)=7 3. (2x3) =1 
4. x74+3=0 5. (y-5) =5 6. 16x?-25=0 
7. x?-49=0 8. (3x—1)° =25 9. (x-2)? =-7 
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1.4 Solving Quadratic Equations Using Completing-the-Square Method 


One of the methods used in solving quadratic equations is called Completing-the-Square method. 
Note that this method involves construction of perfect square trinomials which was addressed in 
Section 3.5, Case I in the Mastering Algebra — Intermediate Level book. In this section we will 
learn how to solve quadratic equations of the form ax*+hx+c=0 , where a=1 (case I) and 
where a)1 (Case II), using Completing-the-Square method. 


Solving Quadratic Equations of the Form ax? +bx +c =0 , where a =1, by Completing the Square 


The following show the steps as to how quadratic equations, where the coefficient of the squared 
term is equal to one, are solved using Completing-the-Square method: 


Step 1 Write the equation in the form of x* + 4x =-c. 


Step 2 a. Divide the coefficient of x by 2, i.e., >. 


2 
b. Square half the coefficient of x obtained in step 2a, i.e., (2) : 


c. Add the square of half the coefficient of x to both sides of the equation, i.e., 


2 2 
P+me+(4) --c+(2) ; 
2, 2 
d. Simplify the equation. 


Step 3 Factor the trinomial on the left hand side of the equation as the square of a binomial, 


1€., | x+—|] =-c+|(—] . 
2 2 


Step 4 Take the square root of both sides of the equation and solve for the x values, ie., 


Step 5 Check the answers by substituting the x values into the original equation. 


Step 6 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations, where the coefficient of 
the squared term is equal to one, are solved using Completing-the-Square method: 


Example 1.4-1 


Solve the quadratic equation x* +8x+5=0 by completing the square. 


; [x2 +8x+0=-5 ;[x? 8x =-5] 


Solution: 


Step 1 x? +8x+5=0]; [x2 48x45-5=-5 


Step 2 


s |x? 48x44? =-54+4? 
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Step 3 


Step 4 


Step 5 


Step 6 
Example 1.4-2 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


1.4 Solving Quadratic Equations Using Completing-the-Square Method 


» |x? 48x +16 =-5+16]; |x? +8x+16=11 
x7 +8x+16=11];|(x+4)? =11 


seedy? Sait. . therefore: 


I. [x+4=433166]; [x =33166- 4]; | x = 0.6834 | 
Il. [x+4=-33166] ; [x =-33166 —4] ; [x =-7.3166| 


Thus, the solution set is aoa - a 


Check: Substitute x = -0.6834 and x =-73166 in x7 +8x+5=0 
2 ? 
I. Let x =-0.6834 in x? +8x+5=0 3 (-0.6834)” +(8 x -0.6834) +5=0 
? ? 
; 0.467—-5.467+5=0 ; -5+5=0 ; 0=0 
? 
Il. Let x =-73166 in x? +8x+5=0 ; (-73166)” +(8x-73166) +5=0 
iv ? 
; 53533-58533+5=0 ; -5+5=0 ; 0=0 


Thus, the equation x* +8x+5=0 can be factored to (x + 0.6834)(x + 7.3166) = 0 


Solve the quadratic equation x* —4x+3=0 by completing the square. 


x? —4r+3=0] ;[y?—4r+3-3=-3] ; [x?-4r+0=-3] ;[:?-ax=—3] 


s |x? - 4x42? =-3+42? 


Ze 2 
oartani); [ea = 


\(e-2) =I); (x2) =+y1 -[x-2=4yi]; [2 =a] therefore: 
1. (eden); Reza); HES) 
uw, eedei ; Fedo; ed 


Thus, the solution set is {1, 3}. 


Check: Substitute x=3 and x=1 in x? —4x+3=0 
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Step 6 
Example 1.4-3 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 
Example 1.4-4 


Solution: 
Step 1 


1.4 Solving Quadratic Equations Using Completing-the-Square Method 


7 ? % 
I Letx=3 in x*-4x4+3=0 ; 37-(4x3)+3=0 ; 9-12+3=0 ; 12-12=0 
5 0=0 


9 


2? 4 ? 
I. Letx=1 in x?-4x+3=0; 1?-(4x1)+3=0 ; 1-4+3=0 ; 4-4=0 ; 0=0 


Thus, the equation x* -4x+3=0 can be factored to (x-3)(x-1)=0 


Solve the quadratic equation x* +x-6=0 by completing the square. 


fb? +x-6=0); [x +x-646=+6];[?+x+0=6;[P+x=0 


2 2 
ce =) Paxe(4 -6+(4) 5 See ee : Pigee ses 
2, 2 4 4 4 1 4 


1 5 1 5 -1-5 
IL |jx+—= 3|x= 5 |x= 
2 2 2 2 2 


Thus, the solution set is {-3, 2}. 


Check: Substitute x=2 and x=—3 in x7 +x-6=0 


? ? ui 
I. Letx=2 in x*+x-6=0 ; 27 +2-6=0 5 4+2-6=0 ; 6-6=0 ; 0=0 
2 ? 2 


$29 6-0 © 02326=0' 2'9-9=0 2 020 


Il. Letx=-3 in x?+x 6=0 ; (-3) 


Thus, the equation x* +x-6=0 can be factored to (x-2)(x+3)=0 


Solve the quadratic equation x” —6x+2=0 by completing the square. 


x? ~6r+2=0); [x2 ~6r+ 2-2-2; [x -6r+0=~] ; |x? -6x =~] 
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Step 2 


Step 3 


Step 4 


Step 5 


Step 6 
Example 1.4-5 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


1.4 Solving Quadratic Equations Using Completing-the-Square Method 


5 |x? - 6x +37 =-2437 


; |x? 6x +9=-2 +9] ; [27-64 49=7] 
fy? 64927]; [(-3) =7] 


le-3? =7]; (x-3) =447 ;|x-3=+4y7]; x—3=+2.646] therefore: 
L [x-3=+2.646] ; [y =3+2.646] - [x = 5.646] 
U1, [3S =D] ; E326); [E=O3SH) 


Thus, the solution set is {0.354, 5.646} . 

Check: Substitute x =5.646 and x=0354 in x? -6x+2=0 
? 

I. Let x=5.646 in x? -6x+2=0 ; 5.6467 -(6x 5.646) +2=0 


? ? 
5 31877 —338774+2=0 ; 33.877—-33877=0 ; 0=0 
9 


? ? 
Il. Let x=0354 in x? -6x+2=0 ; 03547 -(6x0354)+2=0 ; 013-213+2=0 
? 
; 213-213=0 ; 0=0 


Thus, the equation x* —6x +2=0 can be factored to (x —5.646)(x — 0.354) = 0 


Solve the quadratic equation x* +2x+5=0 by completing the square. 


[x?+2x+5=0); [x2 +20+5-5=-5]; [x2+2x+0=-5] ; [x2 42x =-s] 
2° 2\° 

eee ss 2? 42x4(2) --5+(2) s [x7 42x41? =-541? 

s[x? +2x-+1=-s+1); [242% +1=-4] 

| ey = 


(x +1)? =-4]; |\(x+1)? =+V-4]; V-4 4-4 is not a real number. 
Therefore, the equation x? +2x+5=0 does not have any real solutions. 
Not Applicable 

Not Applicable 
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Additional Examples - Solving Quadratic Equations of the Form ax? + bx +c=0, where a =1, by Completing the Square 


The following examples further illustrate how to solve quadratic equations using Completing the 
Square method: 


Example 1.4-6 


Solve the quadratic equation x* +3x-—7=0 using Completing-the-Square method. 
Solution: 


2 2. 
eae ta]; earns |2? +ae+(3)' =74(3)'],[PeaZ-72]; 1 


2 2 2 
-4)+(1- 
(x43) a )+( My (+3) - 2849) (43) 37, (x+3) Bryce 3 2 V3 
2 1-4 2 4 2 4 2 4 
3 v37 v37 3 6.083 — 3 3.083 
therefore: I. jx+—=+ 5 |x = 5 |x = 3|x= ; |[x=1541 
2 2 2. 2 2 2 


and the solution set is { —4.541, 1. 541}. 


Check: I. Let x=1541 in x? +3x-7=0 ; (1541)? +(3x1541)- 7 “0 ; 238 + 4.62—7= “0; ; 0=0 


, 
Il. Let x =-4541 in x? 4+3x-—7=0 ; (-4541)? +(3x -4.541)—-7=0 ; 20.62-1362-7= =0 
; 0=0 
Therefore, the equation x? +3x-7=0 can be factored to (x —1.541)(x +4541)=0. 


Example 1.4-7 
Solve the quadratic equation x* —x—20=0 using Completing-the-Square method. 


Solution: 
2 2 2 
0); |x? -x+(-L) -20+(-4] |x? Pe heres re .|(« 1) aie 
2 2 4 4 2 1 4 
2 2 2 2 
20-4)+(1-1 
ie i _ (20-4) +( ung = 041, i _ 81), (x H _, [8 blog? 
2 1-4 2 4 2 4 2 4 2 2 
io 
1 9 9 1 9+1 
therefore: I. |x-~=+=|;)x=—+—]|;|x= tele > 
epege ham 2 ees] 
p= 
5 2 


and the solution set is re 


x7 —x=2 


, 


4 
SS 
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? ? 
Check: IL Letx=5 in x?-x-20=0 ; 57-5—20=0 ; 25-25=0 ; 0=0 


? ? ? 
Il. Letx=-4 in x?-x-20=0 ; (-4)’-(-4)-20=0 ; 16+4-20=0 ; 20-20=0 ; 0=0 
Therefore, the equation x? -x-20=0 can be factored to (x-5)(x+4)=0. 


Example 1.4-8 
Solve the quadratic equation x* +5x+6=0 using Completing-the-Square method. 


Solution: 


2 2 2 
2 2 2 2 
—6-4)+(1-25 = 
[x+3) _( | ( s(x+4) esse s[x+3) eile (x+2) -+/ A ee 
2 1-4 2 4 2 4 2 4 2 2 
2 
5 1 ieee) 1-5 4 2 


Il. 


2 2 


and the solution set is am -3, - 2} 
2 
Check: I. Letx=-2 in x? +5x+6=0 5 (-2)°+ +(S-2)+ 6 0; 4—10+6=0 ; 10-10=0 ; 0=0 
2 


Il. Letx=-3 in x? 4+5x+6=0 ; (-3)° +(5x A\ab= 0; 9- 15+6=0 ; ; 15-15=0 ; 0=0 
Therefore, the equation x* +5x+6=0 can be factored to (x+2)(x+3)=0. 


Example 1.4-9 
Solve the quadratic equation ” —-9y+11=0 using Completing-the-Square method. 


Solution: 


2 2 
2 2 2 9 9 2 81 81 
[y?-9y+11=0]; ee [PV “IVES alt eee q 
a Ags He =| a ( ae 
NID 1 Al? hen «5 Piao bl aaa 4 
2 
| 3) [37 Oe a5 
: =i : = therefore: 
9 37 Fe ae 6.08349 15.083 
=+ . = + . = :, = bs = 7541 
Sat Iya A.) fp = S09), HOR), eraaT 
9 37 39° 0 6.083 +9 2.917 
7 = ‘i = + - = ba = = 1.459 
q SE er ee 
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and the solution set is {1.459, 7.541} . 


a ? 
Check: I. Let y=7541 in y?-9y+11=0 ; (7541)° +(-9x7541)+11=0 ; 56.87-6787+11=0 
2 


; 6787-6787=0 ; 0=0 
? He 
Il. Let y=1459 in y?-9y+11=0 ; (1459)? +(-9 x 1459) +11=0 5 213-1313+11=0 


9 


; 1313-1313=0 ; 0=0 
Therefore, the equation y* -9y+11=0 can be factored to (y-7.541)(y -1459) =0, 
Example 1.4-10 
Solve the quadratic equation x(x-2)-24=0 using Completing-the-Square method. 
Solution: 


2 2 
[x(e—2)—24= 0); [x2 2x24 = a) ; [x2 25 = 24] ; fx? 20+ (2) -24+(2) ; [x2 —2x41= 2441 
;|(e=9? =25] :}yle—1? = 2023}: therefore: 


1 [x-1=45]; fe=5+1]; [e=6] 
I. [x=1=-5] ; k= -5+1]; [e==4] 


and the solution set is {-4, 6 . 


? ? ? 
Check: I. Letx=6 in x(x-2)-24=0 ; 6-(6-2)-24=0 ; 6-4-24=0 ; 24-24=0 ; 0=0 


? ? a 
Il. Letx=-4 in x(x-2)-24=0 ; -4.(-4-2)-24=0 ; -4-(-6)-24=0 ; 24-24=0 ; 0=0 


Therefore, the equation x(x-2)-24=0 can be factored to (x-6)(x+4)=0. 


Practice Problems - Solving Quadratic Equations of the Form ax? +bx+c=0, where a =1, by Completing the Square 


Section 1.4 Case I Practice Problems - Solve the following quadratic equations using Completing- 
the-Square method: 


1. x7 +10x-2=0 2. 4? =x-150 3. x(x+2)=80 

4. y? -10y+5=0 5. x7+4x-5=0 6. y? +4y=14 

Ts hee eae | 8. Pee 9. ae 
a. oD 4 a> 9 
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Case II Solving Quadratic Equations of the Form ax’ +bx+c=0 , where a ) 1, by Completing the Square 


The following show the steps as to how quadratic equations, where the coefficient of the squared 
term is not equal to one, are solved using Completing-the-Square method: 


Step 1 Write the equation in the form of ax? + hx =-c. 


2 
Step 2 Divide both sides of the equation by a, i.e., . pees 8 ae ae 
a a a 
Step 3 a. Divide the coefficient of x by 2, i.e., oo = = 
a a 


: 
b. Square half the coefficient of x obtained in step 3a, i.e., (2) 
a 


c. Add the square of half the coefficient of x to both sides of the equation, i.e., 


> »b 2) c 62) 
x° +—x+ = + : 
a 2a a 2a 


d. Simplify the equation. 


Step 4 Factor the trinomial on the left hand side of the equation as the square of a binomial, 


1Le., | x+ =-—+ . 
2a a 2a 


Step 5 Take the square root of both sides of the equation and solve for the x values, i.e., 


2 2 2 2 
ey elle Nt ose let Oe Peale 
2a a 2a 2a a 2a 2a a 2a 


Step 6 Check the answers by substituting the x values into the original equation. 


Step 7 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations, where the coefficient of 
the squared term is not equal to one, are solved using completing-the-square method: 


Example 1.4-11 


Solve the quadratic equation 3x7 —16x+5=0 by completing the square. 
Solution: 


Step 1 3x? -16x +5 = 0]; [3x7 -16x+5-5=-5]; [3x7 -16x + 0 =—5| ; [3x7 -16x =—5 


#516 I leer 16 5 
Step 2 3x? -16x =-5]- |x x= “|x x= 
P st alge 3 3 3 3 

2 


Step 3 x a= 
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Step 4 


Step 5 


Step 6 


Step 7 


Example 1.4-12 


Solution: 
Step 1 


Step 2 


Step 3 


1.4 Solving Quadratic Equations Using Completing-the-Square Method 


> 16. 64 —45+192 
xX+ = : 


> 16 64 49 
x xX+ . 
3° «<9 


5 
8 7 8 7 8+7 13 5 
ee ee ed een ee bd ee é. [eee Ps ees -|x=5] 
ecenealinie 


and the solution set is = an 


Check: Substitute x =5 and x =; in 3x? -16x+5=0 


? ? 
I Letx=5 in 3x7-16x4+5=0 ; 3-5*-(16x5)+5=0 ; 75-804+5=0 


; 80- 80+5= “0: 0=0 


2 9 a! 
1 1 
Ty Paes Be HGS : 3 } [16% }+s=0 : es) 
3 3 3 9 3 
3 
| See eae re ean is ? ? 
: +5=0 5 +5=0 5 +5=0 3; -5+5=0 5 0=0 
3 3 3 3 


Thus, the equation 3x” —16x +5=0 can be factored to (x- 3)( = 4 = 


which is the same as (x-5)(3x-1)=0 


Solve the quadratic equation 2x” +3x-6 =0 by completing the square. 


2x7 +3x-6=0]: [2x7 +3x-64+6 = +6]: [2x7 +3x4+0 = +46 ox? +3x = 6 


fax? 43x = 6]; |2a? +30 = 8) [x7 20a 9] e745 
7 F 2 


2 2 
geexe3 : 43x4(3) =3+(3) : Pee cern ce 
2 2 4 4 2 16 16 
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Step 4 


Step 5 


Step 6 


Step 7 


Example 1.4-13 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


1.4 Solving Quadratic Equations Using Completing-the-Square Method 


>. 9. 9 4839) [ 5.3... 9. 57 
3 [x0 +—xX4+—H= 5 [x7 +x 4+— = 
2 16:16 a “16-16 
2 
a See es ( 3) 57 
x°+=x+—=—];|[/xt+—] =— 
2 16 16 4) 16 


: —x+—=-4+— 
: 2 16 1 16 


therefore: 


Phe ee pe oo8 pee we . [ea 1138 
4 4 4 4 4 4 
i :=-78_3 3 p= 3 ey . [ea] 


and the solution set is — ~2.638, 1.138} . 


Check: Substitute x =1138 and x =~2.638 in 2x7 +3x-6=0 
I. Let x=1138 in 2x? +3x-6=0 ; 2-(1138)? +(3x1138)-—6= 


5 2:594341-6=0 ; 6-6-0 ; 0=0 
? 
Il. Let x =-2.638 in 2x? +3x-6=0 ; 2-(-2.638) +(3x -2.638)-6=0 


9 


ve ? 
; 1392—-7.92-6=0 ; 13.92-1392=0 ; 0=0 


Thus, the equation 2x? +3x-6=0 which is equal to x? +15x-—3=0can be 
factored to (x —1138)(x + 2.638) = 0 


Solve the quadratic equation 8x? +8x-30=0 by completing the square. 


8x7 + 8x —30= 0]; [8x7 +8x —30+30 = +30] ; [8x7 +8x+0= 30]; 8x2 +8x = 30| 


1541 
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1 
Step 5 : therefore: 
—(1-1)+(2-2 = 3 
1 eer : eee ;|x= (1:1) +(2-2) = Pies s|e=3 
2 2 1 1-2 2 2 
Aie(29 ze 5 
II. Pee eee : an pes le 1 Pace 4); |x=-3 
2 2 1 1-2 2 2 
; ; 5 3 
and the solution set is 5. > : 
Step 6 Check: Substitute x -5 and x= -2 in 8x? +8x-30 =0 
2 2 2 
I. Pye in 8x*+8x-30=0 : :-(3) +8-2-30=0 : 8 +2 = 3020 
2 2 2 4 2 
18 12 F - 3 
: F 3-300 - 18+12-30=0 ; 30-30=0 ; 0=0 
2 5 9 
Il. Letx=-~ in 8x? +8x-30=0; 3-(-5] +8 (-2)-30=0 
eae : ; 
»g.25_ 40 _ 35-9 , 200 _ 4 3920 - 50-20-30-0 ; 50-50=0 ; 0=0 
4 2 4 2 
Step 7 Thus, the equation 8x7 +8x—30=0 which is the same as 4x7 +4x—-15=0 can 


be factored to E ~ 3) (x a 5) = 0 which is the same as (2x -3)(2x+5)=0 


Example 1.4-14 
Solve the quadratic equation 2u? +6u-—7=0 by completing the square. 


Solution: 


Step 1 ou + 6u-7= 0): [2u?2 +6u—74+7= 47): |2u? +6u+0=7|:|2u2 4+ 6u=7 
: 3 
step? [aatreunr]s|2u8 Sua 3): fP sane? 
2 2 
2 TV lso 3)" 7 (3 ; 9 7 9 
t uo +3u=—|;|u +3u+(3} -1,(3) sue +3ut+—= —+— 


7-4)+(2-9 
Ae ere sm Ca) hace) ( Sl geoaage ae SENS A Paaneee 
4 2-4 4 8 4 8 
Step 4 wager]; 
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3, [23 a. ee 
Step 5 : : therefore: 
§ 03 Bn OF Be 5 -3+48 18 
+ =+ = ae 3 = 3 = 3 = ‘ 
a eee ee 
35 Ss 4. an = 8 {w= 39] 
and the solution set is { —3.9, 09}. 

Step 6 Check: Substitute u=09 and uw=-39 in 2u* +6u-7=0 


? ? 
I Letu=09 in 2u* +6u-7=0 3; 2-097 +(6x09)-7=0 3 16+54-7=0 
2 


5 7-7=0 ; 0=0 
? 
I. Let u=-39 in 2u>+6u-7=0 ; 2-(-39)° +(6x -39)-7=0 
Hi ? ? 
5 2x152-234-7=0 ; 304-234-7=0 ; 7-7=0 ; 0=0 


Step 7 Thus, the equation 2u* +6u-—7=0, which is the same as u? +3u—35=0,can 
be factored to (u-0.9)(u+3.9)=0. 


Example 1.4-15 
Solve the quadratic equation 4a” +24a—5=0 by completing the square. 


: 4a? +24a =5 


Solution: 
Step 1 


; |4a7 +24a4+0=5 


» |4a? + 24a -54+5=45 


Step 2 


Step 3 


5-1)+(9-4 
: a? +6a+32 => 43? : art eee : Poaree hy ct nd Uk ( 
4 4 ] 4-1 
K a? +6a+9 == 72 : a? +64+9= 


Step 5 |(a+3)° =1025}; y(a+3) = +¥10.25|;[a+3=+32] therefore: 


|. (@e3=H3)  [@S3d= 3), WO) 
I. [a+3=~-32];[a=-32—-3); [a=—62] 
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and the solution set is {-6.2, 0.2}. 
Step 6 Check: Substitute a=02 and a=-62 in 4a* +24a-5=0 


? 


? 
I. Leta=02 in 4a7+24a-5=0 5 4.0.2? +(24x02)-5=0 ; 4x 0.04+48-5=0 


? ? 
; 0.16+48-5=0 ; 5-5=0 ; 0=0 
? 
Il. Leta=-62 in 4a*+24a-5=0 ; 4-(-62)° +(24x-6.2)-5=0 ; 


? ? ? 


5 4x 3844—-1488-5=0 5; 1538-1488 -5=0 ; 1538-1538=0 ; 0=0 


Step 7 Thus, the equation 4a? + 24a -5=0 can be factored to (a-0.2)(a+62)=0. 


Additional Examples - Solving Quadratic Equations of the Form ax? +bx+c=0, where a ) 1, by Completing the Square 


The following examples further illustrate how to solve quadratic equations, where the coefficient 
of the squared term is not equal to one, using Completing-the-Square method: 
Example 1.4-16 


Solve the quadratic equation 3x? +2x-1=0 using Completing-the-Square method. 
Solution: 


2 2 
3x? +2x-1=0 - [3x2 42x =1]: ee apearemes : — sa 
3 3 3 3 3 3 6 3 \6 


943 1\?. 49 
=—|5|[x+-] ==]; 
27 yay, 


; |x +033 =+0.67| therefore: 
L. [x+033=+067] ; [x= 067-033]; I. [x+033=-067] ; [x=-067- 033]; 


and the solution set is {-1,034} . 


peadreta led 


_ (1-9) +(1-3) 
3-9 


9 


Check: I. Letx=-1 in 3x7 +2x-1=0 ; 3-(-1)? +(2--1)-1=0 ; 3-1-2-1= =0 3 3-3-0; 0=0 
IL. Let x =034 in ea ; 3-034? +(2-034)-1=0 ; 3.0.11 +0.68-1=0 


- 0334068 -1= 0; 1-l= Lg 0=0 


Therefore, the equation 3x? +2x-1=0 can be factored to (x -0.34)(x+1)=0. 
Example 1.4-17 

Solve the quadratic equation 3y” -8y+2=0 using Completing-the-Square method. 
Solution: 


2 2 3 2 8 ey) 2 8 2 
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( aaa) a es a a2), 
2 ieee) Mme SC an oa 7 On By aa? 
el st 5 ; == tViN1 -[y-133=+105] therefore: 


|, FRSA FEV]; PEE], ETRITIG, P=TTOSTTRT; P= Oa 


and the solution set is {0.28, 238} . 


Check: I. Let y=028 in 3y?-8y+2=0; 3-(0.28) ~8-0.28+2= 0: 0.24-2.24+2= “0 
: 22422420 £020 
Il. Let y=238 in 3y*-8y+2=0 ; 3.(238)? 8.238 +2=0 517-19 +2=0 ;0=0 
Therefore, the equation 3y* -8y+2=0 can be factored to (y-0.28)(y—238)=0. 


Example 1.4-18 
Solve the quadratic equation 3/7 +12*-4=0 using Completing-the-Square method. 
Solution: 


37 +12t-4 = 0]; [327 +124 = 4]; ; 


2 2 

Peel — ria Cea 
1 ta 3 a1 3a 
oar 2] 


1, [e+2= 4231]; [F= 231-2]; [2031] I. [442 = -231] ; [f= 231-2] ; [42-431] 


and the solution set is {031,-4.31}. 


? ? 
Check: I. Let t=031 in See aeks ; 3-(031) +(12-031)—4=0 ; 3-0.096-372-4=0 


; 0288+372-4= “0; 4—4= =0 ; 0=0 
? 
Il. Let t=-431 in feo : ee ee ; 3-1857=5172—4=0 


5 55.72-51.72-4= EO 55.72 - 55.72= 0; 0=0 
Therefore, the equation 31° +12-4=0 can be factored to (t-031)(t+431)=0. 
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Example 1.4-19 
Solve the quadratic equation 2a” +16a—6=0 using Completing-the-Square method. 
Solution: 


2a* +16a-6 = 0}; |2a7 +16a = 6 


Je? +8a+(4) =3 (4)); a” +8a +16 = 3416]; |(a+4)° =19] (a+)? =19] yaa? (a+4) =4V19]; [a+ 4= 4436 


Therefore: 
1, [are 3439) ; @= 4364]; (22036) U1, [aed =—439) ; [a= —AS6=A] ; [W836] 


and the solution set is {-836, 0.36} . 


Check: I. Let a=-836 in 2a*+16a-6=0 ; 2-(-836)” +(16--8.36) - 6-0: ; 2-699 -1338-6= =0 
: 1398-1338 -6=0 : 1398-13980 =O 
IL. Leta=036 in 2a*+16a-6=0 ; 2.(036)? + (16-036) - 6=0 ; 2.0129 +5.7-6=0 
: 03+5.7-6=0 : 6620 5020 
Therefore, the equation 2a* +16a—6=0 can be factored to (a+ 836)(a—0.36) = 0. 


Example 1.4-20 
Solve the quadratic equation 4n” +5n-2=0 using Completing-the-Square method. 


Solution: 
2 2 
ee ee 1S eee |e eee os ae ae 
4n? +5n—2=0|;|4n? +5n=2];|—n?+—n=—|;|n?+—n=—|;|n? + +(3) -4(9 


jo. 25 1 85 ( 2 (1-64) + (25-2) ( 7 64 +50 ( a). 114 

3 [n° +—n+—=—+ s|pat = s|}at—] = s|/nt+—) =—— 

4. 64 2 64 8 2-64 8 128 8) 128 
[n+0.63= +0.94] therefore: 


L [240.63 = +094] ; [n= 094-063] ; [n= 031] IL. [n +063 =-0.94] ; [n = —094- 0.63] ; [n= —16] 


and the solution set is {-1.6, 0.31} . 


? ? 
Check: I. Letn=-16 in 4n?+5n-2=0 ; 4-(-16)? +(5--16)-2=0 ; 4-25-8-2=0 ; 0=0 
? ? 
IL. Letn=031 in 4n?+5n—2=0 ; 4-031? +(5-031)-2=0 ; 4-0.1+16-2=0 
? ? 


; 04+16-2=0 3; 2-2=0 3 0=0 
Therefore, the equation 4n* +5n—2=0 can be factored to (n-0.31)(n+16)=0. 
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Practice Problems - Solving Quadratic Equations of the Form ax? +bx+c=0, where a ) 1, by Completing the Square 


Section 1.4 Case II Practice Problems - Solve the following quadratic equations using 
Completing-the-Square method. (Note that these problems are identical to the exercises given in 
Section 1.2 Case II.) 


1. 4u?24+6u+1=0 2. 4w?+10w=-3 3. 6x2 +4x-2=0 
4. 15y?+3=-14y 5. 2x? -5x+3=0 6. 2x? +xy—y? =0 x is variable 
7. 6x7 +7x-3=0 8. 5x? =-3x 9. 3x7 +4x+5=0 


10. -3y? +13y+10=0 


Hamilton Education Guides 52 


Quadratic Equations 1.5 Solving Other Types of Quadratic Equations 


1.5 Solving Other Types of Quadratic Equations 


In this section two classes of quadratic equations are addressed: one containing radicals (Case I) 
and the second containing fractions (Case II). 


Case I - Solving Quadratic Equations Containing Radicals 


In general, radical equations are solved by squaring both sides of the equation. This squaring 
process sometimes produces solutions that when substituted into the original equation do not 
produce equality in both sides of the equation. These solutions are called apparent solutions. 
For example, the equation y=7 has only one solution, 1.e., 7. Let’s square both sides of the 


equation y=7 to obtain y* =49 and solve for y by taking square root of both sides, ice., 


yy =4+V49. Solving for y we obtain y=+7. However, note that by substituting the two 
solutions into the original equation y=7, it is clear that only y=+7 is the real solution and 
y=-7 is the apparent solution. Therefore, in order to identify the real solutions we must check 


all solutions in the original equation. The following show the steps as to how equations 
containing radical expressions are solved: 


Step 1 Square both sides of the equation. 
Step 2 Write the quadratic equation in standard form. 
Step 3 Solve the quadratic equation by choosing a solution method. 


Step 4 Check the answers by substituting the solutions into the original equation. Disregard 
any apparent solution. 


Examples with Steps 


The following examples show the steps as to how equations containing radicals are solved: 


Example 1.5-1 
Solve the radical equation yx? +5 =3. 


Solution: 


sept asaas (vs) =]: aaa 


Step 2 
Step 3 : ‘ : (Solve using the Square Root 


Property method) 


Therefore, the two apparent solutions are x =-2 and x=2. 
Step 4 Check: Substitute x=2 and x=-2 in ¥x*+5=3. 


? ? ? 
I. Letx=2 in) V¥x745=3 5 ¥2745=3 ; V445=3 ; JO=3 5 3=3 
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Example 1.5-2 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Example 1.5-3 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


1.5 Solving Other Types of Quadratic Equations 


? ? ?: 
Il. Letx=-2 in Vx245=3 5 (2)? +523 5 445 3; ¥9=3 ; 3=3 


Thus, x=-2 and x =2 are the real solutions to Vx? +5 =3. Furthermore, 


the equation yx? +5 =3 can be factored to (x—2)(x+2)=0. 
Solve the radical equation J—12x-—4 =3x+1. 


12x —4=(3x+1)"| ; |-12x—-4 = 9x7 +14 6x] ; [9x7 +14 6x+12x+4=0 
5 |9x? + (6x +12x)+(4+1) = 0]; [9x7 +18x+5=0 


: (« + Nx £ 2) (Solve using the Quadratic Formula) 


Therefore, the two apparent solutions are x = -; and x= , 


Check: Substitute x = -; and x= : in J-12x-4 =3x41. 


4 ? ? 
I. Letx= in V—-12x-4 =3x41 5 12( } 4 3,( Na; fa—4e 141 


3 3 
? 
; J0=0 ; 0=0 
5. fam ees a ? 5 
II. Let x = ; in ¥-12x-4=3x4+1 ; ,/-12 ; 4=3. : +1 


% 2 2 ? 
5 f—4-(-5)-4=-541 ; 20-4=-4 ; Vl6=-4 ; (42 =-4; 44-4 


‘ ; : 1 
Thus, the equation /-12x —-4 =3x+1 has one real solution, i.e., x = ao 


Solve the radical equation x+1=Vx+1. 


Era) fo+? =r | Pete 
[Paieaeceail:Pe-not=d); aas0=d] Pare 
Psd: feo 


Therefore, the two apparent solutions are x =0 and x=-1. 
Check: Substitute x=0 and x=-1 in x+1l=yx41. 
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Example 1.5-4 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Example 1.5-5 


Solution: 
Step 1 


Step 2 


1.5 Solving Other Types of Quadratic Equations 


? ? 
I. Letx=0 in x+l=Vx41 3; 0+1=VJ041; 1=vI 5 1=1 
? ? 
Il. Letx=-l in x+1=Vx41 ; -1+1=J-141 ; 0=V0 ; 0=0 


Thus, x =0 and x=-1 are the real solutions to x+1=/x+1. Furthermore, 


the equation x+1=x+1 can be factored to x(x+1)=0. 

Solve the radical equation 27 = yl1r-6. 

[ae =11-6]: ar? -111+6=0] 

; (Solve Using the Quadratic Formula) 


Therefore, the two apparent solutions are + == and r=2. 


Check: Substitute (=2 and t=2 in 2t= Vl1lt-6. 


? 2 2 -1)-(6-4 
I. Let t= in 2t = V1lt—6 522 fue Awe i one (33-1) -(6-4) 


a eae Wena 4-1 
2 

32 [33-24 . nfo 3 a ae) 

io Be PFN Ae 8 Mig ke PD 


° ? 2? 
Il. Lett=2 in 2t=-llt—6 ; 2-2=V11-2-6 ; 4=22-6 ; 4=V16 ; 4=4 


Thus, t=2 and ¢=2 are the real solutions to 2r=~11t—6 . Furthermore, 


the equation 2¢= 11-6 can be factored to (: - 3) (t-2)=0 which is the 


same as (4t-3)(t-2)=0 


Solve the radical equation J2w=3w-1. 


[Enea (Gn) = (Gra) |: Pade 
be oteci); be =aesied 
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Step 3 : [w- \ow- 1)=0]} (Use Completing-the-Square method) 


2 


Therefore, the two apparent solutions are w => and w=1. 
Step 4 Check: Substitute was and w=1 in ¥2w=3w-1. 


1 Tegan Sie A aan ae | 
L tvs. soysdiwal PAS aie 
ea i V2w= v3w V2-5= 43-5 2 V2 1 


_ v2? {(3-1)-(1-2) ae geet) 2A. 2? x2 


a) 2-1 > 9 ee ~ 


i a > eee ae Ns 


V2? Vie2 , ¥2? V2, v2 _ V2 
Ae a8 V22 2 2 


? ? 
I. Letw=1in V2w=¥v3w-1 ; ¥2-1=v3-1-1 ; J2=¥3-1 ; V2 =v2 


Thus, w -5 and w=1 are the real solutions to /2w = J3w-1. Furthermore, 


the equation /2w=~/3w-1 can be factored to (w- )(w-4) =0 which is the 


same as (w-1)(2w-1)=0. 


Additional Examples - Solving Quadratic Equations Containing Radicals 


The following examples further illustrate how to solve quadratic equations that contain radical 
expressions: 
Example 1.5-6 


Solve the radical equation x+4= Jx+4. 
Solution: 


First - Square both sides of the equation. x+4=/x+4 ; (x+4)° = (Vea) 5 (x+4)? =x44 
Second - Complete the square on the left hand side of the equation and simplify. 
(x44)? =x44 5 x7 41648x x44 5 x? 416-448x—x=0 5 x7 4+1247x=0 
Third - Write the quadratic equation in standard form. x? +7x+12=0 
Fourth - Solve the quadratic equation by choosing a solution method. 
x? +7x+12=0 ; (x+4)(x+3)=0. Therefore, the two apparent solutions are: 
x+4=0 ; x=-4 and x+3=03 x=-3 


Fifth - Check the answers by substituting the x values into the original equation. 
? 
I. Letx=-4 in x+4=~vx+4 5 44+4=/-44+4 ; 0=0 
? 2 
IL. Letx=-3 in x+4=x+4 5 -34+4=J-34+4 5 1=V1 5 1=1 
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Therefore, x =-4 and x=-3 are the real solutions to x+4=/x+4. Furthermore, the equation 
x+4=.x+4 can be factored to (x+4)(x+3)=0. 


Example 1.5-7 
Solve the radical equation /3x+4 =x. 
Solution: 
First - Square both sides of the equation. ¥3x+4 = x ; (3x + 4)’ =x? 5 3x+4=x? 


Second - Write the quadratic equation in standard form. x? -3x-4=0 


Third - Solve the quadratic equation by choosing a solution method. 


x* —3x-4=0 ; (x-4)(x+1)=0. Therefore, the two apparent solutions are: 


x-4=0;x=4 and x+1=0; x=-1 
Fourth - Check the answers by substituting the x values into the original equation. 


? ? ? ? 
I. Letx=4 in V3x+4=x ; ¥3-444=4; V124+4=4; Jl6=4 ; V4? =4 >4=4 
#3 ? ? 
I. Letx=-1 in V3x+4=x 5 f(3--1)+4=-1 ; ¥-344=-1 ; Jl=-1 5 1#-1 


Therefore, the equation /3x-—4 =x has one real solution, 1.e., x =4. 
Example 1.5-8 


Solve the radical equation yu +5 =u+2. 
Solution: 


2 
First - Square both sides of the equation. yu? +5 =u+2 ; ( uw +5) =(u +2) su? +5=(u+ oy 


Second - Complete the square on the right hand side of the equation and simplify. 
2 2 44-544u=0 3 -14+4u=0 


ue +5=u- +444 3 ou 


Third - Solve for u,i.e., -1+4u=0 ; 4u=13 u . 3; u=0.25 


Fourth - Check the answers by substituting the u solution into the original equation, i.e., 
? ? ? 
Letu=0.25 in) Vur4+5=ut2 5 ¥0.257 +5=025+2 ; J0.06254+5=225 ; 5.0625 =2.25 


; 225=2.25. Therefore, the equation yu* +5 =u+2 has one solution, i.e., w= 0.25. 
Example 1.5-9 
Solve the radical equation J2x+15 =x. 
Solution: 
; : : p 
First - Square both sides of the equation. ¥2x+15 =x ; (2x + 15) =x? 5 2x415=x? 


Second - Write the quadratic equation in standard form. x7 —2x-15=0 
Third - Solve the quadratic equation by choosing a solution method. 
x* ~2x-15=0 ; (x-5)(x+3)=0. Therefore, the two apparent solutions are: 


x-5=0; x=5 and x+3=0; x=-3 
Fourth - Check the answers by substituting ie x values tat the oneal equation. 


I. Letx=5 in J2x4+15=x 3 V2-5415= S8 Ji0s15= 5% \25- 5% 
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2 ? ? 
IL. Letx=-3 in V2x+15 =x ; ¥2--3415=-3 ; ¥-64+15=-3 ; ¥9=-3 ; 34-3 
Therefore, the equation /2x+15 =x has one real solution, i.e., x =5. 
Example 1.5-10 
Solve the radical equation ¥x+30=x. 
Solution: 
. 2 
First - Square both sides of the equation. Vx +30 =x ; (vx i 30) =x? 3 x+30=x7 
Second - Write the quadratic equation in standard form. x? -x-—30=0 
Third - Solve the quadratic equation by choosing a solution method. 
x* ~x-30=0 ; (x-6)(x+5)=0. Therefore, the two apparent solutions are: 
x-6=0;x=6 and x+5=0 ; x=-5 


Fourth - Check the answers by substituting the x values into the original equation. 
2 


? ? 
I. Letx=6 in Vx+30=x ; (6+30=6 ; /36=6 ; 6=6 


? 


? 
Il. Letx=-5 in V¥x+30=x ; ¥-5+30=-5 ; ¥25=-5; 54-5 


Therefore, the equation ¥x+30=x has one real solution, 1.e., x =6. 
Practice Problems - Solving Quadratic Equations Containing Radicals 


Section 1.5 Case I Practice Problems - Solve the following equations. Check the answers by 
substituting the solutions into the original equation. 


1. J-9y+28-y+2=0 2. 2x=V9x+3 3. 1? =-/5¢ 
4. y?-V8y=7 5. 5x =2x? 


7. V-8x-4 =2x41 8. x=V-x+2 9. x= V-2x4+3 


10. yx74+3=x41 
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Case II - Solving Quadratic Equations Containing Fractions 


In this section solutions to quadratic equations with fractional coefficients are discussed. Note 
that in dealing with fractional equations not all solutions may satisfy the original equation. This 
is because fractions may encounter division by zero which is undefined. Therefore, it is essential 
that all solutions to a quadratic equation be checked by substitution into the original equation in 
order to ensure division by zero does not occur. Equations containing algebraic fractions are 
solved using the following steps: 


Step 1 Write both sides of the equation in fraction form. 

Step 2 Cross multiply the terms in both sides of the equation. 

Step 3 Write the quadratic equation in standard form. 

Step 4 Solve the quadratic equation by choosing a solution method. 


Step 5 Check the answers by substituting the apparent solutions into the original equation. 
Disregard any apparent solution if equality on both sides of the equation is not 
obtained. 


Examples with Steps 


The following examples show the steps as to how equations containing fractions are solved: 
Example 1.5-11 


Solve the fractional equation x -1= a 
Xx 


Solution: 


First - Write the left hand side of the equation in fraction form. x-1= au — ea 
Xx 


1 x 
Second - Cross multiply the terms in both sides of the equation. x-(x-1)=1-20 ; x? -x=20 


Third - Write the quadratic equation in standard form, i.e., x” —x-—20=0 


Fourth - Solve the quadratic equation by choosing a method. x? -x-20=0 ; (x-5)(x+4)=0. 
Therefore, the two apparent solutions are: x-5=0 ; x=5 and x+4=0 ; x=-4 


Fifth - Check the answers by substituting the x values into the original equation. 


_ 20 ? 20 


I. Letx=5 in x-1 peal.) ee! 


Il. Letx=-4 in x -1= 3 4-l=— 35 -5=-5 


x —-4 
20 


Thus, x=5 and x=-4 are the real solutions to x-1= “ . In addition, the equation x-1= : 
can be factored to (x-5)(x+4)=0. 
Example 1.5-12 
Solve the fractional equation 1+ — =x+3, 
Solution: 


First - use fraction techniques to rewrite the left hand side of the equation in a single fraction 
form. 
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fel a ile: Ue eee [I-(e+D]+(1-1) x43 | RALHL x43 | x42 _ x43 


x+1 1ox+l 1 1-(x +1) 1 x+l 1 7? xt) 1 
Second - Cross multiply the terms in both sides of the equation. 
x+2 x+4+3 


cra ks (x+2)-1=(x+3)-(x+1) 5 x+2=x7 4443x435 x42=x7 44x43 
x 


Third - write the quadratic equation in standard form, i.e., x? +4x-—x+3-2=0 3 x7 +3x4+1=0 


Fourth - Solve the quadratic equation using the Quadratic Formula method. 


x? 4+3x+1=0 ; [++ 2][<+ 3498) <0 , (x+22274) (1434228) 


2 2 2 


5 (x +0.38)(x+2.62)=0. 
Therefore, the two apparent solutions are: x+038=0 ; x=-038 and x+2.62=0 ; x=-2.62 


Fifth - Check the answers by substituting the x values into the original equation. 


1 ? 1? ? 
=- 03843 5 147 =2062 ; 14162=2.62 


I. Let x =-038 in eee: ; 1+———_ 
x+l1 —0.38+4+1 
3 2.62 = 2.62 
1 2 12 ? 
Il. Let x =-2.62 in 1+ =x+3 3 1+———=- 2.6243 5 1-——=038 ; 1-0.62=038 
x+ —2.62 +1 1.62 


; 038 = 0.38 


Thus, x =-0.38 and x =—2.62 are the real solutions to 1+ —— =x+3. In addition, the equation 
x+ 


1+ } (= +3 can be factored to (x + 0.38)(x+ 2.62) =0. 


xX+ 


Example 1.5-13 
Solve the fractional equation aH 2% y-—. 
2y y 
Solution: 


First - Write the left hand side of the equation in fraction form and simplify the right hand 
side of the equation. 
Digest ysl Oy 2h (6y-y)-(1-1) pts 6y* 1 
2y y 2y 1 yoy ly 2y y 
Second - Cross multiply the terms in both sides of the equation. 
Ao ; l-y=2y-(6y? =I) 5 y=12y3-2y 5 12y3-2y-y=0 5 12y3-3y=0 


: 3y(4y? -1) =0. Thus, y=0 is an apparent solution. 


Third - Solve the quadratic equation 4y? -1=0 by choosing a method. 
1 
4y* -1=0 3 4y* =1; 4y? =41 5 2y=tls y= +5. Therefore, the other two apparent 
solutions are: y= ; y=4+05 and y= -5 3; y=-05. 


Fourth - Check the answers by substituting the » values into the original equation. 
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1 lo. ee 
I. Let y=0 in oar 6y——. Since division by zero is encountered therefore, y=0 is 
y y 


not areal solution. 


4 1 De eh. i... ; 
II. Let y=0.5 in 6y 5 =6x 0.5-— 3; -=3-2 5 1l=1 
2y y 2x05 05° 1 
a. al ee: 1 Tis! 
III. Let y=-05 in 6y ‘ =(6 x 05) ; 342; -l=-l 
2y y ° (2x-05) (-05) * -1 


Thus, y=0.5 and y=-0.5 are the real solutions to a ee In addition, the equation 
Jy Jy 


= 6y—— can be factored to 3y(y +0.5)(y—0.5) =0. 
y y 


Example 1.5-14 


Solve the fractional equation 2 = -1=0. 


Solution: 
First - Use fraction techniques to simplify the left hand side of the equation. 
2 2 3 
— (2-97) +-y) “aytasy 1. Ey? +3y)-1ey 
+-1=0; 5 1=0; : 0; ; 
yy yey y ! l-y 
_ 2y? +3y- 
; a =0 
3 
Ba 
Second - Cross multiply the terms in both sides of the equation. 
2 3 
2y°+3y-y _ 0 
3 1 
y 


y =0 1s an apparent solution. 


=0 


; 1-(2y? +3y-y3)=0- y° ; 2y? +3y y=0 : rf 2y 3+y7)=0, Thus 


Third - Write the quadratic equation -2y-3+,y? =0 in standard form, i.e., y? -2y-3=0 


Fourth - Solve the quadratic equation by choosing a method. y? -2y-3=0 ; (y-3)(y+l)=0. 
Therefore, the other two apparent solutions are: y-3=0 ; y=3 and y+1=0; y=-l 


Fifth - Check the answers by substituting the » values into the original equation. 


2 ; oe std : é 
I. Let y=0 in =+ = 1=0. Since division by zero is encountered therefore, y =0 is 
y 


y 
not a real solution. 
2 ? 2 2 
Il. Let y=3 in as 1 ioe 42 ete es ee La 
on 3° 3 39 3 3 
? 
23129 2 426 11202 620 
? ? _ ? ? 
Ill. Let y=-1 in ae eee a (ods S26 a TO 
yoy —1 (-1) 1 1 1 


; 0=0 


Thus, y=3 and y=-1 are the real solutions to =o a5 =0. In addition, the equation 


y 
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q g 


a =0 can be factored to —y(y-3)(y+1). 
yoy 
Example 1.5-15 
Solve the fractional equation eee eet 
wel 9 -1 
Solution: 


First - Write the denominator in the right hand side of the equation in its factored form. 
Ze o.. -2 . zy 1 
y-1 y?-1" y-1 (y-1)(y)) 
Second - Simplify the equation and cross multiply the terms in both sides of the equation. 
2y 1 _ 2y 1 


y-1 (y-D(y+l)’? 1 (ti) 


Third - Write the quadratic equation in standard form, i.e., 2y? +2y-1=0 


5 Qy(y+l=l-l 5 2y24+2y=1 


Fourth - Solve the quadratic equation by choosing a method. 


2y*+2y-1=0; yt ih) yt wa) =0. Therefore, the two apparent solutions are: 


ya ag : yr <0 ; y-037=0 ; y=037, and 
yr ttt 9 ye Ko > y4137=0 ; y=-137 
Fifth - Check the answers by substituting the » values into the original equation. 
i eignar ay 260871 I : 074 2) » 117 ==117 
y-1 y?-1° 037-1 (937)?-1 ° -063 0137-1 
i epee 2 = 2x tt Sane 5 LIS=115 


Pal yet, Sia (aR et 2387 Wes 


1 


Thus, y=0.37 and y=-1.37 are the real solutions to ae ae addition, the equation 


y-l y*-1 
= = can be factored to (y+1.37)(y-0.37) =0. 
ye y~-l1 


Additional Examples - Solving Quadratic Equations Containing Fractions 


The following examples further illustrate how to solve quadratic equations with fractional 
coefficients: 


Example 1.5-16 


Solve the fractional equation x +5= = 
x 


Solution: 


1 x 
Second - Cross multiply the terms in both sides of the equation. x-(x+5)=1-(-4) ; x°+5x=-4 


First - Write the left hand side of the equation in fraction form. x+5= as ee Ses 
x 


Third - Write the quadratic equation in standard form, i.e., x7 +5x+4=0 
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Fourth - Solve the quadratic equation by choosing a method. x7 +5x+4=0 ; (x+1)(x+4)=0. 
Therefore, the two apparent solutions are: x+1=0 ; x=-1 and x+4=0 ; x=-4 
Fifth - Check the answers by substituting the x values into the original equation. 


=f ys 
I. Letx=-lin x+5= 3 -1+5= - 3 4=4 
x zs 
= ? ? 
Il. Letx=-4 in pr ea ere oe 31 a 1 
x 4 1 


Therefore, x =-1 and x =-4 are the real solutions to x+5= sai In addition, the equation 
x 


x+5= =. can be factored to (x +1)(x+4)=0. 
Example 1.5-17 

Solve the fractional equation 6x +13 = = : 

Solution: 


First - Write the left hand side of the equation in fraction form. 6x+13= = : ales 
Xx 


Second - Cross multiply the terms in both sides of the equation. 
x-(6x +13) =1-(-5) ; 6x? +13x =-5 

Third - Write the quadratic equation in standard form, i.e., 6x7 +13x+5=0 

Fourth - Solve the quadratic equation by choosing a method. 


6x? +13x+5=0 ; (3x+5)(2x+1)=0. Therefore, the two apparent solutions are: 
Srt5 08, Seas x=-5 $e =S—L67 and 2x41=0.5. 222-15 rent S2=-05 


Fifth - Check the answers by substituting the x values into the original equation. 
2 


=s : aoe ? 
Leese eS 5 6-(-1.67)+13= - ; -104+13=3 ; 3=3 
x 


5 


Il. Letx=-05 in 6x+13=— 2 
xX 


Py a ? 
; 6-(-0.5) +13 53 3+13=10 ; 10=10 


Therefore, x =-1.67 and x =-0.5 are the real solutions to 6x+13= > In addition, equation 
x 


6x +13 = = can be factored to (3x+5)(2x+1)=0. 
x 
Example 1.5-18 


Solve the fractional equation ) = 2) 
y 


Solution: 


First - Write the left hand side of the equation in fraction form. y= 2 ;2= 2 
BA 


Ly 
Second - Cross multiply the terms in both sides of the equation. y-y=1-25 ; y* =25 
Third - Solve the quadratic equation by choosing the Square Root method. 
y? =25 3 ay” =4V25 5 y= +s? ; y=+5. Therefore, the two apparent solutions are: 
y=+5 and y=-5 


Fourth - Check the answers by substituting the x values into the original equation. 


Hamilton Education Guides 63 


Quadratic Equations 1.5 Solving Other Types of Quadratic Equations 


5 
? ? 
I. Let y=5 in psa odo g 2 ats 5 
y 3 1 
25 225 é 33 5 
Il. Lety=-5 in y Fo) 3 = > = aS 
y —5 8 1 


Therefore, y=5 and y=-5 are the real solutions to y= 2 In addition, the equation y= 2 
y y 


can be factored to (y—5)(y+5)=0. 
Example 1.5-19 


Solve the fractional equation 2y=T9 


+y=0. 

Solution: 

First - use fraction techniques to rewrite the equation in quadratic form. 

2y-15 9g. [1-(2»-15)]+(y-y) ie 2y-15+y? _ 
y 1 ly y y 1 

: 1-(2y-15+ y?)= y-0 ; 2y-15+y? =0 


2y-1 
peas 


=0; 


Second - write the quadratic equation in standard form, i.e., y? +2y-15=0 
Third - Solve the quadratic equation by choosing a method. 
y* +2y-15=0 ; (y+5)(y-3)=0. 
Therefore, the two apparent solutions are: y+5=0 ; y=-S5 and y-3=03 y=3 


Fourth - Check the answers by substituting the x values into the original equation. 
2 


= 2.(-5)-15 ? _10_ 9 a ? 
dae ae (5) Gali ae eyes = 5=0 ; 0=0 


I. Let y=—-5 in 


—5 5 
2 a 2 ? 
i, Paeypese PS psig ie = se SEO SO 
y 3 3 
Therefore, y=-5 and y=3 are the real solutions to Pyate +y=0. In addition, the equation 
J 
2y-15 
+ y=0 can be factored to (y+5)(y-3)=0. 
y 
Example 1.5-20 
2 
Solve the fractional equation “— = a 
x+1l x41 
Solution: 
First - Cross multiply the terms in both sides of the equation. 
2 
x 4 . 2 
ay saree ad -(x+1)=4-(x41). 


Note that x +1 can be eliminated from both sides of the equation where we obtain x? =4. 


Second - Factor out the quadratic equation by choosing the Square Root factoring method. 
x7 =4 : (hee Se 3 xa ty22 S See? 
Therefore, the two apparent solutions are: x=+2 and x=-2 

Third - Check the answers by substituting the x values into the original equation. 
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2 


2? 
he shee eee Se : ee ae aos 
xt+l x41 241 241° 3 = 3 
2 os 
Lye 9 
Il. Letx=-2 in i eo) EI Hise. oe 


oe ;-4=-4 
x+1 x41 24+1 -2+1 1 1 


2 
Therefore, x=2 and x=-2 are the real solutions to ae s E In addition, the equation 
xt] xt 
2 


can be factored to (x+2)(x-2)=0. 


Fe eal 


Practice Problems - Solving Quadratic Equations Containing Fractions 


Section 1.5 Case II Practice Problems - Solve the following equations. Check the answers by 
substituting the solution into the original equation. 


8 2 
Le ee SS 2: Sa Sy 3 2! 
ytl x " x+3 x43 
ane 5. ge we ee 
u x Xx 
7. u=2 S Se go jiase* 
u 
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1.6 How to Choose the Best Factoring or Solution Method 

To factor polynomials and to solve quadratic equations a total of seven basic methods have been 
introduced in Chapter 3 of the Mastering Algebra — Intermediate Level book and Sections 1.2— 
1.4 of this manual. Those methods are: 


1. The Greatest Common Factoring method 
The Grouping method 
The Trial and Error method 


The Quadratic Formula method 


2 
3 
4. Factoring methods for polynomials with square and cubed terms 
5 
6. The Square Root Property method, and 

7 


Completing-the-Square method 


The decision as to which one of the above methods is most suitable in factoring a polynomial or 
solving an equation is left to the student. For example, in some cases, using the Trial and Error 
method in solving a quadratic equation may be easier than using the Quadratic Formula or 
Completing-the-Square method. In certain cases, using the quadratic formula in solving a 
polynomial may be faster than the Grouping or the Trial and Error method. Note that the key in 
choosing the best and/or the easiest method is through solving many problems. After sufficient 
practice, students start to gain confidence on selection of one method over the other. 


Assumption - In many instances, the methods used in factoring polynomials (shown in Chapter 3 
of the Mastering Algebra — Intermediate Level book) can also be used in solving quadratic 
equations (shown in Sections 1.2—1.5 of this manual) by recognizing that the left hand side of the 
equation ax? +bx+c=0, namely ax? +bx+c is a polynomial and can be factored as such, using 
polynomial factoring methods covered in Chapter 3 of the Mastering Algebra — Intermediate 
Level book. 


Note 1 - Any quadratic equation can be solved using the quadratic formula. Once the student has 
memorized the quadratic formula and has learned how to substitute the equivalent values of a, 
b, and c into the quadratic formula, then the next steps are merely the process of solving the 
quadratic equation using mathematical operations. 


Note 2 - The quadratic formula can be used as an alternative method in factoring polynomials of 
the form ax? +bx +c as is stated in the above assumption. 


The following examples are solved using the seven factoring and solution methods shown above: 
Example 1.6-1 

Use different methods to solve the equation x? =25. 

Solution: 


First Method: (The Trial and Error Method) 


Write the equation in the standard quadratic equation form ax? +bx+c=0, i.e., write x7 =25 
as x*+0x—-25=0. To solve the given equation using the Trial and Error method we only 
consider the left hand side of the equation which is a second degree polynomial. Next, we 
need to obtain two numbers whose sum is 0 and whose product is -25 by constructing a 
table as shown below: 
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Sum Product 
1-1=0 1-(-1)=-1 
2-2=0 2-(-2)=-4 
3-3=0 3-(-3) =-9 
4-4=0 4-(-4) =-16 
5-5=0 5 .(-5) = -25 


The last line contains the sum and the product of the two numbers that we need. Thus, 

x? =25 or x7 +0x—25=0 can be factored to (x—5)(x+5)=0. 

Check: (x-5)(x+5)=0 ; x-x+5-x-5-x+5-(-5)=0 5 x7 +5x—5x-25=0 ; x7 +(5-5)x-25=0 
> x7 +0x-25=0 

Second Method: (The Quadratic Formula Method) 


First, write the equation in the standard quadratic equation form ax? +bx+c=0, i.e., write 


x? =25 as x?+0x-25=0. Second, equate the coefficients of x7+0x-25=0 with the 
standard quadratic equation by letting a=1, b=0 , and c=-25. Then, 


-bVb? —4ac 0+ J0* -(4x1x-25) ~_tvo+I00 | _+vi00 | _, V0? 
2a > —— > _ > = 


Given: x= : 
2x1 2 2 2 


; x= +. Therefore: 


5 5 
L gulls eet wok Il. x= a, 3 x= 2 3 x=-5 
2 1 2 1 


4 
Check: I. Letx=5 in x? =25 3 5%=25 3 25=25 


? 
Il. Letx=-5 in x? =25 ; (-5)’=25 ; 25=25 
Therefore, the equation x? + 0x-—25=0 can be factored to (x +5)(x-5)=0. 


Third Method: (The Square Root Property Method) 
Take the square root of both sides of the equation, i.e., write x7 =25 as (tes: 2 


x= +52 ; x=+5. Thus, x=+5 or x=-5 are the solution sets to the equation x* = 25 which 
can be represented in its factorable form as (x +5)(x-5)=0. 
Fourth Method: (Completing-the-Square Method) - Is not applicable. 
Note that from the above three methods using the Square Root Property method is the fastest and 
the easiest method to obtain the factored terms. The Trial and Error method is the second easiest 


method to use, followed by the Quadratic Formula method which is the most difficult way of 
obtaining the factored terms. 


Example 1.6-2 
Use different methods to solve the equation x? +11x+24=0. 
Solution: 


First Method: (The Trial and Error Method) 
To solve the given equation using the Trial and Error method we only consider the left hand 
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side of the equation which is a second degree polynomial. Next, we need to obtain two 
numbers whose sum is 11 and whose product is 24 by constructing a table as shown below: 


Sum Product 
6+5=11 6-5=30 
7+4=11 7-4=28 
8+3=11 8-3 =24 
9+2=11 9-2=18 


The third line contains the sum and the product of the two numbers that we need. Thus, 
x? +11x+24=0 can be factored to (x +8)(x+3)=0. 


Check: (x+8)(x+3)=0 3 x-x4+3-x+8-x+8-3=0 5 x7 +3x+8x+24=0 5 x7 +(34+8)x+24=0 
5 x? +11x+24=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax + bx +c =0, equate the coefficients of x? +11x+24=0 
with the standard quadratic equation by letting a=1 , b=11 , and c=24. Then, 


=btVb? -4ac . 11+ fll? - (4x1 24) Sect eVI2IH96 | -11+ V5 
2a > —, > 


Given: x= > 
2x1 2 2 
2 
-ll+ —l1+ 
eS eae ae mee Therefore: 
2, 2 
jg Bia co fe pe Oe ge SO a re Be ey 
2 Z 1 2 2 1 
2 ? ? ? 
Check: I. Letx=-3 in x* +11v+24=0 ; (-3)° +11-(-3)+24=0 ; 9-334+24=0 ; 33-33=0 
5 0=0 


? v3 ? 
Il. Letx=-8 in x? 4+1lx+24=0; (-8)° +11-( 8)+24=0 ; 64-88+24=0 ; 88-88=0 
; 0=0 
Therefore, the equation x? +11x+24=0 can be factored to (x+8)(x+3)=0. 


Third Method: (Completing-the-Square Method) 


2 2 
x? +11x+24=0 3 x7 4+1lx=-24 ; tte +(4) --24+(11} op Wines 22a 
2 2 4 4 
2 2 2 2 
( i) 24 121 A it) (-24-4)+(1-121) i 1) ~96+121 al i) 25 
3 [xt =-—+ 3 | xt = seb] = eS 
2 1 4 2 1-4 2 4 2 4 
ppl 25 egetlay? 
2 4 ee 
3 
11 11 =] 
Therefore: I. x+ =e ehuee re SxS é es eo 3 
2 2% 2 2 1 
8 
tr xitte eee 5 AL 5 ool i 62 oe Pgs 
a 2D 2 2 1 


? ? 
Check: I. Letx=-3 in x? +11x+24=0 ; (-3)°+(11x-3)+24=0 ; 9-334+24=0 ; 0=0 


? ? 
Il. Letx=-8 in x? +11x+24=0 ; (-8)? +(11x-8)+24=0 ; 64-88424=0 ; 0=0 
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Therefore, the equation x? +11x+24=0 can be factored to (x +8)(x+3)=0. 
Fourth Method: (The Square Root Property Method) - Is not applicable 


Note that from the above three methods using the Trial and Error method is the fastest and the 
easiest method to obtain the factored terms. Completing-the-Square method is the second easiest 
method to use, followed by the Quadratic Formula method which is the longest and most difficult 
way of obtaining the factored terms. 
Example 1.6-3 
Use different methods to solve the equation x? +5x+2=0. 
Solution: 
First Method: (The Trial and Error Method) 
To solve the given equation using the Trial and Error method we only consider the left hand 
side of the equation which is a second degree polynomial. Next, we need to obtain two 
numbers whose sum is 5 and whose product is 2. However, after few trials, it becomes clear 
that such a combination of integer numbers is not possible to obtain. Hence, the Trial and 
Error method is not applicable to this particular example. 


Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax*+bx+c=0, equate the coefficients of 
x” +5x+2=0 with the standard quadratic equation by letting a=1 , b=5 , and c=2. Then, 


—4ac . —5+,/57 — (4 x1 x 2) —5+ (25-8 8 = 
9 X= = 


‘ —b+ 
Given: x= es = . Therefore: 
2 
L _ 54417 oye tAd2 | 088. gag 
2 2 2 
IL. peso sxe , x= = > x =-456 


Check: I. Let x=-044 in x7 +5x+2=0 ; (-0.44)? +5-(- 044) +2= 0; 02- 224+2= “0 ; 22-22=0 
; 0=0 


? ? 
Il. Letx=-456 in x? +5x+2=0 ; (456) +5-(-456)+2=0 ; 208-228+2=0 
2 


5 228—-228=0 ; 0=0 
Therefore, the equation x* +5x+2=0 can be factored to (x +0.44)(x +456) =0. 


Third Method: (Completing-the-Square Method) 


2 2 2 
45242005 x2 45r0-2 5 x? 45x4(3) a) Se goatee rae :(2+3} sce 
2 2 4 4 2 1 4 
2 2 2 
2.4 : zi 
, (x45) _ (-2-4)+(1-25) ; (x43) - eis eee Ds ee Sea fl eq alt 
2 1-4 2 2 2 4 2 2 
_ 412— 0. 
Therefore: I. Priest : al? 2 padi > : > ;x= we ; x=-0.44 
2 2 2 2 2 2 2 
- - —412 12 
Th tg os, VE Sg SE Pte eas 
2 2 2 2 2 2 
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Check: I. Let x=-044 in x? +5x+2=0 ; (-0.44)° +5-(- 0.44) +2= 0; 02- 2242 “0 ; 22-22= “0 
; 0=0 
2 ? ? 
Il. Letx=-456 in x7 +5x+2=0 ; (-456)” +5-(-456)+2=0 ; 208-228+2=0 


5 228-22.8= “0: 0=0 

Therefore, the equation x* +5x+2=0 can be factored to (x +0.44)(x +456) =0. 

Fourth Method: (The Square Root Property Method) - Is not applicable. 
Note that from the above two methods using the Quadratic Formula method may be the faster 
method, for some, than Completing-the-Square method. 
Example 1.6-4 

Use different methods to solve the equation 6x? +4x-2=0. 

Solution: 


First Divide both sides of the equation by 2, i.e., 6x7 +4x-2=0 ; 


3x? +2x-1=0. Then consider other methods to solve the equation 3x7 +2x-1=0. 


First Method: (The Trial and Error Method) 

To solve the given equation using the Trial and Error method we only consider the left hand 
side of the equation which is a second degree polynomial. Next, we need to obtain two 
numbers whose sum is 2 and whose product is 3:-1=-3 by constructing a table as shown 


below: 
Sum Product 
6-4=2 6-(-4) = -24 
5-3=2 5-(-3)=-15 
4-2=2 4.(-2)=-8 
3-1=2 3-(-1)=-3 


The last line contains the sum and the product of the two numbers that we need. Therefore, 

3x7 42x-1=0 ; 3x74+(3—-1)x-1=0 5 3x7 4+3x-x-1=0 5 3x(x41)—-(x+1)=0 5 (x+1)(3x-1)=0. 

Check: (x+1)(3x-1)=0 ; 3-x-x-1-x+(1-3)-x41-(-1)=0 5 3x? -x+3x-1=0 ; 3x7+(3-1)x-1=0 
> 3x? +2x-1=0 

Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax? +bx+c=0, equate the coefficients of 3x? +2x-1=0 
with the standard quadratic equation by letting a=3 , b=2 , and c=-1. Then, 


Given: x= zt 


+b? —4ac ety?’ = (4x3x-l) 24 V44I2 _ -24 16 2404? 
2a ‘ 


2x3 6 , 6 ; 6 
es 
, x= girly Therefore: 
L gg aN een oar IL. i ee Se O35, 3; x=-l 
6 3 6 6 
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? ? 
Il. Letx=-1 in 3x?+2x-1=0 ; 3-(-1)? +2-(-1)-1=0 ; 3-2-1=0 ; 3-3=0 ; 0=0 
Therefore, the equation 3x7 +2x-1=0 can be factored to (x-1) (x+1)=0 which is the same 


S (3x-1)(x+1)=0. 
Third Method: (Completing-the-Square Method) 


2 2 
3x? +2x-1=0 ‘ 3x? 42x =1 ‘ ae ees ste2eeds te2 e412) -14(1.2) 
3 3 3 3 3 3 2 3 3 \2 3 
( I Ws) 5 a a ay 12, soos Wy 
pe tg et 3 [xt = 35 [xt = 5 | xt = 3 xt—=t 
3 3-9 3 27 3 27 3 27 
a3 2 
3 ae a Sxt3 Sx45 = 
. =H 3 
Therefore: I. x+ et: : igi Bs alee 
3 3 ae 3 3 3 
Il. ne 3x 3x mae 3 x=-- 3 x=-l1 
3 3 3 3 1 
2 9 ; 
Check: I. eee in ax? 42x-1=0 ; 3(4] +2.(4)-1-0 ; 342 1=0 ; —+—-1=0 
3 3 3 9 3 3 3 
2 ? ? 
ee 01 CAO 0020 


3 3 
2 ? ? 
Il. Letx=-1 in 3x7+2x-1=0; 3-(-1)° +2-(-1)-1=0 ; 3-2-1=0 ; 3-3=0 ; 0=0 


Therefore, the equation 3x* +2x-1=0 can be factored to (« -1) (x+1)=0 which is the same 


S (3x-1)(x+1)=0. 
Fourth Method: (The Square Root Property Method) - Is not applicable. 
Note that from the above three methods using the Trial and Error method is the easiest method to 


obtain the factored terms. The Quadratic Formula method is the second easiest method to use, 
followed by Completing-the-Square method. 


Example 1.6-5 
Use different methods to solve the equation (2x +5)” = 25. 


Solution: 
First Method: (The Trial and Error Method) 


To apply the Trial and Error method to the equation (2x +5)” =25 we need to complete and 
simplify the square in the left hand side of the equation, i.e., (2x + 5)° =25 ; 4x7 +25+20x = 25 
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5) 
> Ax? +20x+25-25=25-25 ; 4x7+20x+0=0 ; ox " Px+0=0 > x7 +5x+0=0. Then, we 
only consider the left hand side of the equation which is a second degree polynomial. Next 
we need to obtain two numbers whose sum is 5 and whose product is 5-0=0 by constructing 


a table as shown below: 


Sum Product 
34+2=5 3-2=6 
44+1=5 4-1=4 
5+0=5 5-:0=0 


The last line contains the sum and the product of the two numbers that we need. Thus, 
(2x +5) =25 can be factored to (x +0)(x+5)=0 which is the same as x(x+5)=0 


Second Method: (The Square Root Property Method) 
(2x +5)? =25 ; J(2x+5)° =+V25 ; 2x+5=45. Therefore: 
I. 2x+5=45 5 2x=5-5 3; 2x=0; x=0 


Il. 2x+5=-5 3 2x=-5-5 3 2x= ieee ieee 


? 
Check: I. Letx=0 in (2x+5)’ =25 ; [(2-0)+5] =25 ; 52225 ; 25205 


? ? 
I. Letx=-5 in (2x+5)’ =25 ; [(2--5)+5] =25 ; (1043)? =25 ; (3) =25 ; 25=25 

Therefore, the equation (2x +5)” =25 can be factored to (x-0)(x+5)=0which is the same as 
x (x + 5) =0. 
Third Method: (The Quadratic Formula Method) 
First complete the square term on the left hand side and simplify the equation: 

5 
4 2 20 0 

So x= 
4 4 


Then, given the standard quadratic equation ax*+bx+c=0, equate the coefficients of 
x* +5x =0 with the standard quadratic equation by letting a=1 , b=5 , and c=0. Then, 


=4ac _ Sty? -(4x1x0) | -54.V25-0 545 


(2x45)? =25 3 4x7+20x+25=25 3 4x? +20x =25-25 ; 4x7+20x=0 ; 5 x7 45050 


: —b+ 
Given: x= ee : = ; x =——.. Therefore: 
2x1 2 2 
5 
I. ee ee IL. peace TU 5 
2 2 2 2 


Check: I. Letx=0 in x*+5x=0 ; 07 4£5x0= ie 0+0= 25 0=0 
Il. Letx=-5 in x? +5x=0 ; (-5) +5-(-5)=0 ; 25-25= 0; 0=0 
Therefore, the equation (2x + 5)° =25 can be factored to (x-0)(x+5)=0which is the same as 
x (x + 5) =0. 
Fourth Method: (The Greatest Common Factoring Method) 
First complete the square term on the left hand side and simplify the equation: 


Hamilton Education Guides 72 


Quadratic Equations 1.6 How to Choose the Best Factoring or Solution Method 


5 
(2x+5)7 =25 3 4x? +20x+25=25 5 4x? +20x =25-25 5 4x7 +20x=0 ; ox 4 Dre > x7 4+5x=0 


Then, Factor out the greatest common monomial term x, i.e., x7 +5x=0 ; x(x+5)=0. Thus, 


the two solution to the equation are: 

IL x=0 and IL. x+5=0; x=-5 

Hence, the equation (2x + 5)" =25 can be factored to (x-0)(x+5)=0 which is the same as 
x (x + 5) =0. 

Fifth Method: (Completing-the-Square Method) 

First complete the square term on the left hand side and simplify the equation: 


5 
(2x+5)? =25 3 4x7 +20x+25=25 3 4x? +20x =25-25 ; 4x7+20x=0 ; ox? 4 Dae 5 x7 4+5x=0 


Then, complete the square. 


2 2 2 
v7 45x=0 5 x7 +5x+(3} -0+() x25 +28 5 (245] =e oe ee = ee 
2 2 4 4 2 2 2 


2 4 A. 
Therefore: I. an ea one See ego gee ; x=-0 
2 2 2-2 2 2; 
5 
Il. ee Di 2 eee ee ee ee 5 
2, 2 2 2 2 2 


2 ? 
Check: I. Letx=0 in x*+5x=0 ; 07+5x0=0 ; 0+0=0 ; 0=0 
? ? 
Il. Letx=-5 in x? +5x=0 ; (-5)°+5-(-5)=0 ; 25-25=0 ; 0=0 
Therefore, the equation (2x+5)” =25 can be factored to (x-0)(x+5)=0which is the same as 
x(x + 5) =0. 
Note that from the above five methods the Square Root Property and the Trial and Error methods 


are the easiest methods in solving the quadratic equation, followed by the Greatest Common 
Factoring method, Quadratic Formula method, and Completing-the-Square method. 


Practice Problems - How to Choose the Best Factoring or Solution Method 


Section 1.6 Practice Problems - Choose three methods to solve the following quadratic 
equations. State the degree of difficulty associated with each method you selected. 


1. x? =16 2. x74+7x4+3=0 3. (3x+4)? = 36 
4. x7 411x+30=0 5. 5t7+4t-1=0 6. (2x+6)° =36 
7. y*-8y+15=0 8. w?=-7 9. 6x7 +x-1=0 


10. x*-4x4+4 
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1. First - Write the quadratic equation 3x =—-5 + 2x? in standard form ax” +bx+c=0. 


3x = 5+2x7 ; 2x? 43x =-54+2x7 2x? ; 2x? 43x = 5+0; 2x? 43x = 5; Ix? 43x45=-545 
: 2x7 +3x+5=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=-2, b=3,and c=5 
2. First - Write the quadratic equation 2x? =5 instandard form ax? + bx +c=0. 
2x? =5 : 2x? -5=5-5 : 2x* —5=0 which is the same as 2x7 +0x-—5=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=2, b=0,and c=-5 
3. First - Write the quadratic equation 3w* —5w=2 instandard form aw? +bw+c=0. 
3w? —Sw=2 ; 3w* -5w-2=2-2 ; 3w* —5w-2=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=3, b=-5,and c=-2 
4. First - Write the quadratic equation 15 = yy? —3 in standard form ay” +by+c=0. 
15=-y? -3; py? 415=-y? +y? -3 5 py? 415=0-3 5 py? $15=-3 5 y? $154+3=-34+3 ; y7 +18=0 
; which is the same as Se +0y+18=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=1, b=0, and c=18 
5. First - Write the quadratic equation x? +3=5yx in standard form ax? + bx +c=0. 
x7 43=5x : x? —5x+3=5x—5x ; x? —5x+3=0 


Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=1, b=-5,and c=3 


6. First - Write the quadratic equation -u? +2 =3u in standard form au” +bu+c=0. 


wu? +2 =3u : u? —3u+2 =3u—3u ‘ u? —3u+2=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=-1, b=-3,and c=2 
7. The quadratic equation a +5y—2=0 is already in standard form ay” +by+c=0. Therefore, simply equate the a, b, 


and c coefficients with the coefficients of the given quadratic equation to obtain a=1, b=5,and c=-2. 


8. First - Write the quadratic equation -3x? =2x-1 in standard form ax” +bx+c=0. 


3x? =2x-1 ; -3x? -2x =2x-2x-1 3 -3x* -2x =0-1 ; -3x? -2x=-1 ; -3x? -2x41=-141 
; 3x7 -2x +1=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=-3, b=-2,and c=1 
9. First - Write the quadratic equation pe = p-—1 in standard form ap” +bp+c=0. 


2 2 


; Z 2 
Pp =p-\1; p’-p=p-p-|;p 


p=0-1; p?-p=-1; p*?-p+l=-l+1; p?-pt+1l=0 
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Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 


Thus, a=1, b=-1,and c=1 


10. First - Write the quadratic equation 3x —2 = x? in standard form ax? + bx +c=0. 


3x-2= x? : x? +3x—-2=x7 -x? g x? +3x-2=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 


Thus, a=-1, b=3,and c=-2 


Section 1.2 Case I Solutions - Solving Quadratic Equations of the Form ax” + bx +c where a =1 


1. x? =-5x-6 Write the equation in standard form, i.e., x7 +5x+6=0. 


Let: a=1,b=5,and c=6. Then, 


_ -b+¥b? —4ac | yp eS tS? = 4x1 x6 gis SSE NDSER |. 2 SL 541 
2a bf > 


Given: x x a therefore, 
2x1 2 2 2 
2 
I fs tog Pn ash 2 and 
2 z 
3 
Il. goes 3; x s as ;x=-3 
2 2 


9 9 


Check: I. Letx=—2 in x? =-5x 6 ; (-2)" =( 5x 2) 6; 4=10-6;4=4 


9 2 


I. Letx=-3 in x* =-5x-6 ; (-3)” =(-5x-3)-6 ; 9=15-6 ; 9=9 


Therefore, the equation x? +5x+6=0 can be factored to (x + 2) (x + 3) =0. 
Zs y? —40y = -300 Write the equation in standard form, i.e., y? —40y+300=0. 


Let: a=1,b=-40 ,and c=300. Then, 


-b+¥b? —4ac ( 40) + ¥( 40)” —4 x 1x 300 40+ 1600-1200 40+ 400 
2 


Given: = ; y= ; y= : 
- 2a s acl ” 2 re 
5 30 
404920" | 40+20 Areiorea _404+20 60 | 30 | 800 and 
3 y 2 > y 2 EJ y 2 > y y] > y 1 7 y 
10 
40 — 20 20 10 
IL. = : : : 10 
y 5 y 7 y 1 y 


9 9 


Check: I. Let y=30 in y? —40y = -300 ; (30)? —40-30=-300 ; 900 1200=- 300 ; -300 = -300 


2 2 


Il. Let y=10 in y? ~40y=-300 ; (10) —40-10=-300 ; 100-400=-300 ; -300 =-300 


Therefore, the equation y? —40y +300 =0 can be factored to (y 7 30) (y - 10) =0. 


3. -x=-x? +20 Write the equation in standard form, 1.e., x? -x-20=0. 
Let: a=1,b=-1,and c=-20. Then, 


pay p?—dac __ -{-1) 4 y(-1)" -4 x1 x20 ~ ttvi+80 de v8L 1 tv9? 


Given: x= Bees : : 3 
2a 2x1 2 2; 2 
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5 
+ 
eye therefore, I. Pci soca lt a 2 2 ¥=5 and 
2 2 2 
4 
II yeas y eg eae 
2 2 1 
9 9 


Check: I. Letx=5 in —x=-x* +20 ; -5=—57 +420 ; -5=-25+420 ; -S=-5 


2 
I. Letx=-4 in —x=-x? +20; -(-4)=-(-4)? +20 ; 4=-164+20 5 4=4 
Therefore, the equation x? —x-20=0 can be factored to (x —5)(x +4) =0. 


4. x7 43x+4=0 The equation is already in standard form. 


Let: a=1,b=3 ,and c=4. Then, 


_ =b+¥b? -4ac gd EA HORI KAS 2 RAEWICIS) BEET 
2a ; ; 2 


Given: x 3 
2x1 2 


Since the number under the radical is negative (an imaginary number), the given equation is not factorable. 


5. x?-80-2x=0 Write the equation in standard form, 1.e., x? —2x-80=0. 


Let: a=1,b=-2 ,and c=-80. Then, 


-btVb?-4ac (2) FY ( 2)? -4x1x -80 - 4 244320 se 2+ 7324 . 24187 


Given: x= ed ; xe - x= 
2a 2x1 2 2 2 
10 
+ 
sips eee therefore, 1 js eae ae 20 2% eae 10 and 
2 2 
8 
II. Sey Leg Sed 8 
2; 2 


2 2 2 


Check: I. Letx=10 in x? —80-2x =0 ; 107 80 2-10=0 ; 100 80-—20=0 ; 100 100=0 ; 0=0 


9 


? ? ? 
Il. Letx=-8 in x*-80 2x =0 ; (-8) 80 —2-(-8)=0 ; 64-80+16=0 ; 80-80=0 ; 0=0 


Therefore, the equation x? —2x -80=0 can be factored to (x - 10) (x + 8) =0. 


6. x? +4x+4=0 The equation is already in standard form. 
Let: a=1,b=4 ,and c=4. Then, 


_ -b+¥b? —4ac ope cb Eva? 4 x14 - eh tvi6-16 ye evo a4 #0 
2a > > 


2x1 2 ‘ 2 2 


Given: x 


BN 
N 


0G ;xXx=- i ; x=-2. In this case the equation has one repeated solution, i.e., x = —2 and x =-2. 


? 2 2 


Check:  Letx=-2 in. x7 +4x+4=0; (-2)7 +4-(-2)+4=0 ; 4-8+4=0 ; 8-8=0; 0=0 


Therefore, the equation x? +4x+4=0 can be factored to (x + 2) (x + 2) =0. 


7. -6=-w? +w Write the equation in standard form, 1.e., w? —-w-6=0 


Let: a=1,b=-1,and c=-6. Then, 
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10. 


-b+Vb?—4ac (=I) ty(-1)’ -4 x1 x-6 yatta +24 tev ads? 
9 > 


Given: w= ; Ww : : 
2a 2x1 2. 2 
3 
+ 
bye therefore, I. gow ape ; Ww : ;w=3 and 
2 2 2 
2 
Il. ae ft: o eee 
2 2 1 
2 ? 


Check: I. Let w=3 in 6= wth: 6= (3?) +3 ; 6= 9+3 ; -6=-6 


2 
Il. Let w=-2 in 6= w? +w ; -6=-(-2)? +(-2) ; -6 4-2; 6=-6 


Therefore, the equation w? —w-6=0 can be factored to (w 7 3) (w + 2) =0. 


2 


4x=x Write the equation in standard form, i.e., x? 4x =0. 


Let: a=1,b=-4 ,and c=0. Then, 


bev? —4ac __ -(-4) ty (-4)’ - 4x1 x0 4 tvi6-0 4 vi6 | 44a? 
2 > 


Given: x= 2x 3 > x 
2a 2x1 2 2 
+ indi 
fee ea aie L ee Hinge De eg and 
2 2 2 
4 
Il. sp VBS ooze ae 4 
2 Z 1 


Check: I. Letx=0 in 4x =x? ; 4-0=07 : 0=0 
I. Letx=4 in 4x=x7;4-4=47 ; 16=16 
Therefore, the equation x? —4x =0 can be factored to (x +0) (x - 4) = 0 which is the same as x(x - 4) =0. 


z* -37z-120=0 The equation is already in standard form 


Let: a=1 , b=-37 ,and c=-120. Then, 


-b+vb2-4ac 37) y( 37)" —4x1x 120 _ , 374 13094480 | _ 37+ V1849 
2 


Given: z= 5°Z ; ; 
2a 2x1 2 
37+ 43° 30 
+ + 
Ppa NES, gs SLES therefore, 1 panies x2 27 Se 40 and 
2 2 2 2 
3 
Il. pe sED ts ee aire 3 
2 2 1 


9 2 2 


Check: I. Letz=40 in z* —37z-120=0 ; 407 —37-40-120=0 ; 1600—1480—120=0 ; 1600—-1600=0 ; 0=0 


9 9 2 


I. Letz=-3 in z* -37z-120=0 ; (-3)” —37-(-3)-120=0 ; 9+111-120=0 ; 120-120=0 ; 0=0 


Therefore, the equation z* ~37z-120=0 can be factored to (z = 40) (z + 3) =0. 


x? —20 =-8x Write the equation in standard form, 1.e., x? +8x -20=0 
Let: a=1,b=8 ,and c= -20. Then, 


_ -b+ Vb? —4ac sHe 8 +87 —4x1x-20 a8 v64480 | 8 V4 8+ ¥12? 
2a , 1 ; 2 ‘ 


2x go 3 


Given: x 
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2 
—Q+ baal 
= eae therefore, Le x= on ee 15% aoe 2 and 
2 2 1 
10 
IL ees PD jicbtee A eG 
2 2 1 


? 


Check: I. Letx=2 in x*-20= 8x ; 2? 20= 8-2 ; 4-—20=-16 ; -l16=-16 


2 9 


I. Letx=-10 in x? -20=-8x ; (-10)” -20=-8-(-10) ; 100-20=+80 ; 80=80 


Therefore, the equation x? +8x —20=0 can be factored to (x - 2) (x + 10) =0. 


Section 1.2 Case II Solutions - Solving Quadratic Equations of the Form ax” + bx +c where a)1 


1. 4u? +6u+1=0 The quadratic equation is already in standard form. 


Let: a=4 , b=6 ,and c=1. Then, 


_ -b+b? - 4ac yn TO ENG? = 4x4 x1 ye DO ENBO=16 || _ -6 #20 yo Ot 447 
2a > > > = oe 


Given: u . 
2x4 8 8 8 
therefore, I u= =e — ;u=— = ; u=-019 and 
i og pea a OT id Sis 
8 8 


The solution set is {-131, - 09} : 
9 9 9 


Check: I. Letu=-O19 in 4u? +6u+1=0 ; 4-(-019)* +6--019+1=0 ; 4-0.036-114+1=0 ; 014-114+1=0 


? 
:114-114=0 ; 0=0 
2 2 ? 


I. Letu=-131 in 4u? +6u+1=0 ; 4-(-131)* +6--1314+1=0 ; 4-1.716-786+1=0 ; 686-786 +1=0 


9 


; 786-786=0 ; 0=0 
Therefore, the equation 4u? + 6u+1=0 can be factored to (u + 0.19) (u + 131) =0. 


2. 4w? +10w=-3 Write the equation in standard form, 1.e., dw? +10w+3=0. 


Let: a=4, b=10 ,and c=3. Then, 


—b+yb* —4ac -10+ 10? —4x4x3 -10 + ¥100 — 48 -10+ 52 
Given: w= ; Wwe 5; Wwe ; We 
2a 2x4 8 8 
_10+ a 

; os therefore, I w= Baal ; yeom" ; w=-0.35 and 

8 8 8 
I. w= Sule : gece ; w=-215 

8 8 


The solution set is {-215, - 0.35} ; 
7 a 


Check: I. Let w=-035 in 4w? +10w=-3 ; 4-(-035)* +10--035=-3 ; 4-0123-35=—3 ; 05-35=-3 


3; 3=-3 
2 2 2 


Il. Let w=-215 in 4w? +10w=-3 ; 4-(-215)” +10--215=—3 ; 4-4.62-215=-3 ; 185-215=-3 


3; 3=-3 
Therefore, the equation 4w* +10w +3=0 can be factored to (w + 0.35) (w + 2.15) =0. 


3. 6x? +4x-2=0 The quadratic equation is already in standard form. 
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Let: a=6,b=4 ,and c=-2. Then, 


_ -b+4b? —4ac op A ENA 4x 6x-2 4 V6 +48 04-4 + V8 
2a + # 


Given: x > > 
2x6 12 12 12 

A+ = 
ae = therefore, lL x= oe a 4 2% a 0.33 and 

12 12 12 3 

3 
lage mea wall Sage 
12 12 1 


The solution set is {—1, 0.33} . 
? ? ? 
Check: I. Let x=033 in 6x7 +4x-2=0 ; 6-033° +4-033-2=0 ; 6-0111+132-2=0 ; 0.67+132-2=0 
? 
;2-2=0; 0=0 
2 2: 9 


I. Letx=-lin 6x7 +4x-2=0; 6-(-1)” +4--1-2=0 ; 6-1-4-2=0 ; 6-6=0 ; 0=0 


Therefore, the equation 6x” +4x-—2=0 can be factored to (x - 0.33) (x + 1) =0. 


4. 15y? +3=-14y Write the equation in standard form, i.e., 15y? +14y+3=0. 


Let! a=15 , b=14 ,and c=3. Then, 


2 
y= ev? = 4ac plea) —4x15x3 Ly = 714+ 196 = 180 y= Zia vi6 ga 4? 
2a > > > 


Given: ; 
2x15 30 30 30 
-14+4 -14+4 10 1 
= therefore, I. a : : ae 0.33 and 
2 Pe BGs Re NR 
3 
is 
14-4 
Il = ep pS ; 0.6 
30 Ho0 7 5 
5 
The solution set is {-0.6, - 0.33} : 
? ? 2? 
Check I. Let y=-033 in Sy? +3=-14y ; 15-(-033)? +3=-14--033 ; 15-0108 +3=4.62 ; 162+3=4.62 


; 4.62 = 4.62 
2 2 


2 ? ? 
I. Let y=-06 in 15y?+3=-14y ; 15-(-0.6)7 +3=-14--06 ; 15-036+3=84 ; 544+3=84 ; 84=84 


Therefore, the equation 15y? +3=-14y can be factored to (y + 0.6) (w + 0.33) =0. 


5. 2x? -5x+3=0 The equation is in standard form. 


Let! a=2 ,b=-5 ,and c=3. Then, 


pave? —dac __ {-S)£y(-5)’ -4%2%3 pa StV25—24 Savi 541 
4 bf 


Given: x= 2X ; 3 
2a 2x2 4 4 
3 
therefore, L ames gall ; yee ;x=15 and 
4 4 2 
2 
Ty x= =I geen i x=1 
4 4 1 


The solution set is {1, 15} : 


ie ? 2 2 


Check |. Letx=lin 2x” -—5x+3=0; 2-12 -5-143=0; 2-1-5+3=0 ; 2-54+3=0 ; 5-5=0; 0=0 


2 ? ? 


Il. Letx=15 in 2x7 —5x4+3=0 ; 2-157 —5-154+3=0 ; 2-225-75+3=0 ; 45-7.54+3=0 
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9 


; 75-75=0 ; 0=0 
Therefore, the equation 2x7 —5x +3=0 can be factored to (x = 1) (x = 15) =0. 


6. 2x? + xy - y? =0 X is varaible Write the equation in standard form, i.e., 2x7 + yx — y? =0. 


Let: a=2, b=y ,and c=-y?. Then, 


_ -b+¥Vb? -4ac — ytyy? 4x2x y? te ee ee Ea “150 SP BY 
2a Ve5 4 


Given: x : 
4 4 
therefore, Ey = oD 5x Ly 2% is ; x=05y and 
4 4 2 
2 
-y-3y —4y 4 
IL x= Sie at ;xX=- ;x=- 
4 4° : 


The solution set is {- y, 0.5 y} / 


? ? 
I. Letx=O5y in 2x? +xy—y? =0; 2-(0.5y) +(05y)-y-y* =0 : 2-025y? +0.5y7 -~y*=0 
? 


? ? 
: 05y7 +05y7 y? =0 ; y? y* =0 ;0=0 


? ? us 
Il. Letx=-y in 2x? +xy-y?=0; 2-( y)? +(-y)-y-y?=0; 2y? -y* -y? =0 ; 2y? -2y? =0 ; 0=0 
Therefore, the equation 2x” +xy- y? = 0 can be factored to (x+ y)(x-05 y) =0. 


7. 6x? +7x-3=0 The equation is already in standard form. 


Let: a=6, b=7 ,and c=-3. Then, 


_xbtyb?-dac T#V7 -4x6x-3 pe cttv49t+T2 | A7evi21 | -tyil? 
2a > > 


Given: x > > 
2x6 12 12 12 
Pig fae = 
5 x= eae therefore, lL x= ee 5% : Rae 4 ; x= 033 and 
12 12 12 
3 
3 
Il. perce ee ;: Le ;x=-15 
12 : 


The solution set is {-15, 0.33} : 
2 2 ? 
Check L. Letx=033 in 6x7 +7x-3=0 ; 6-(033)” +7-033-3=0 ; 6-011+231-3=0 ; 066+231-3=0 
2 
; 3-3=0 ; 0=0 

2 7 2 ‘ 

Il. Let x=-15 in 6x? +7x-3=0; 6 -(-15) +7--15-—3=0 ; 6-2.25-105-3=0 ; 135-105-—3=0 
9 


> 135-135=0 ; 0=0 


Therefore, the equation 6x? +7x —3=0 can be factored to (x + 15) (x - 0.33) =0. 


8. 5x2 = —3x Write the equation in standard form, 1.e., 5x? +3x=0. 


Let: a=5 , b=3 ,and c=0. Then, 


_b+Vb? -4ac | -34V3?-4x5x0 | -3+V9-0 39 | 33? 
2a > > > 


Given: x ; 
2x5 10 10 10 
pea a - 
5x= ss therefore, LL x= ane 5 x= z ; x=0 and 
10 10 10 
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3 
II Gs ea OE seo 
10 : 5 


? 2 
Check: I. Letx=0 in 5x? =-3x ; 5-07=-3-0; 5-0=-3-0 ; 0=0 


eet ? 
3) pe selcgee 2,228 


I. pages in sx aa 5 5-( : = 
5 5 5 as 


’ 


The solution set is {-2. o| : 


Therefore, the equation 5x7 +3x=0 can be factored to (x + 0) [x + 3) =0 which is the same as x [x + 3) =0. 


Note that this equation can further be simplified in order to obtain the original form of the quadratic equation as follows: 


5-x) +(1-3 : e 
»x(F+3)<055 aiealee) -0;x(=43)<0; cl ey La ; (5x? +3x}-1=0-5 
1 5 1-5 5 5 5 1 


: 5x7 +3x=0 
9. 3x7 +4x+5=0 The equation is already in standard form 
Let: a=3 , b=4 ,and c=5. Then, 
_ -b+¥b? -4ac ope cb EVA? 4x 3x5 _ ya a4tvi6 - 60 
2a ; 2x3 : 6 ; 


Since the number under the radical is a negative number (an imaginary number) therefore, the equation 3x7 +4x+5=0 


Given: x 


att 44 
6 


has no real solutions. 


10. -3y? +13y+10=0 The equation is in standard form. 


Let! a=-3 , b=13 ,and c=10. Then, 


-b+yb? -4ac -134+ 13? -4x 3x10 -13+ 169 +120 -13+4/289 
Given: y= oe Vee ae ne 
2a 2x-3 —6 —6 
134177 4 
-13+ -13417 -13+17 2 
; y= ; y= therefore, 1. = ; : ; y= 0.66 d 
y ~ y x eretore. y Ze y 6 y 3 y an 
3 
5 
-13-17 —30 5 
IL y= : Syst; ps5 
= eee y 
The solution set is {-0.66, 5} : 
9 9 2 


Check I. Lety=5 in -3y?+13y+10=0 ; -3-57 +13-54+10=0 ; -3-25+654+10=0 ; -75+65+10=0 
? 
; -75+75=0 ; 0=0 
2 2 
Il. Let y =-0.66 in —3y" +13y +10 =0 ; -3-(-0.66) +13- 0.66+10=0 ; —3-0.436—-858+10=0 
2 ? 


> -132-858+10=0 ; -10+10=0 ; 0=0 


Therefore, the equation 35" +13y+10=0 can be factored to (y + 0.66)(y - 5) =0. 


Section 1.3 Solutions - Solving Quadratic Equations Using the Square Root Property Method 


1. First - Take the square root of both sides of the equation (2y + 5)? =36,Le., y(2» + 5)° 7 +36 


Second - Simplify the terms on both sides to obtain the solutions, 1.e., (2y + 5)? =+736 ; 2y+5=+46 
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Therefore the two solutions are: I. 2y+5=-6 ; 2y=-6-5 ; 2y=-l1; ~ . 5 - ; y=-55 and 
2y 1 1 
IL 2y+5=+6 ; 2y=6-5; 2v=1; =; y= 5; y=05 
y y y 7 2 a4 5) y 


Thus, the solution set is {-5.5, 05} and the equation (2y + 5)? = 36 can be factored to (y + 55) (y - 0.5) =0. 


9? 
2! 


? ? ? 
Check: I. Let y=-55 in (2y +5)? =36 ; (2--55+5)” =36 ; (-11+5)” =36 ; (-6)” =36 ; 67 =36 ; 36=36 
2 9 


? ? 7 
Il. Let y=05 in (2y +5)” =36 ; (2.0545) =36 ; (1+5) =36 ; 67=36 ; 36=36 


2. First - Take the square root of both sides of the equation (x + 1) = ae Roe (x + iy? = +J7 


Second - Simplify the terms on both sides to obtain the solutions, i.e., (x + 1)? a +/7 ; x+1=+42.65 


Therefore the two solutions are: I. x+1= -2.65 ; x =-2.65-1; x=-3.65 and 


Il. x+1=+42.65 ; x=2.65-1; x=1.65 


Thus, the solution set is {-3.65, 1.65} and the equation (x + 1)" =7 can be factored to (x + 3.65) (x - 1.65) =0. 


? ? 
Check: I. Let x =-365 in (x+l1)’ =7; (-365+1)”=7 ; (-265)"=7 ; 7=7 
? ? 
I. Let x=165 in (x41)? =7; (16541)? =7 ; 2657=7 5 7=7 


3. First - Take the square root of both sides of the equation (2x - 3)? =l1,ie., (2x - 3) = +a/1 


Second - Simplify the terms on both sides to obtain the solutions, 1.e., (2x 3)? = +q/1 ; 2x -3=41 
x 


Therefore the two solutions are: I. 2x-3=-1 ; 2x=-1+3 ; 2x=2; - : Pa =7 ; x=1 and 


2 
Il. 2x -3=41 ; 2x =14+3 ; 2x recs g % a 2 
Zz 2 1 
Thus, the solution set is {1, 2} and the equation (2x -3)? =1 can be factored to (x -1)(x -2) =0. 


2 9 2 


Check: I. Letx=1 in (2x3)? =1; (2-1-3)? =1; (2-3)? =1; (-1)?=1; I=1 


9 2 


? ? 
Il. Letx=2 in (2x-3)” =1; (2-2-3)? =1; (4-3)? =1; P=1 5 1=1 


4. First - Write the equation x? +3=0 in the form of x” =b , 1e., x7 =-3 
Second - Take the square root of both sides of the equation, i.e., Vix? = +4/-3 
Since the number under the radical is a negative number (an imaginary number) therefore, the equation x? +3=0 has no 
real solutions. 


5. First - Take the square root of both sides of the equation (y - 5)" = 5.516% (vy - 5)° 


+5 


Second - Simplify the terms on both sides to obtain the solutions, i.e., (vy 5)? = +4/5 5 y-5=+42.24 
Therefore the two solutions are: I. y-—5=-2.24; y=-2.24+5 ; y=2.76 and 


I. y—5=4224 ; y=22445; y=724 
Thus, the solution set is {-2.76, 7.24} and the equation (y — 5)° =5 can be factored to (y —2.76)(y—7.24) =0. 


? 2 
Check: I. Let y=2.76 in (y—5)° =5 ; (2.76-5)°=5 ; (-224)’=5 ; 5=5 


2 ? 
Il. Let y=724 in (y—5)? =5 ; (7.24-5)*=5 ; (224)? =5 ; 5=5 


6. First - Write the equation 16x? —25=0 inthe form of ax? =b sich; 16x? =25 
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Sane ae Tee 


Second - Divide both sides of the equation 16x? =25 by the coefficient of x , 1.e., le, 4G (= ie 


Third - Take the square root of both sides of the equation, i.e., Vx? = +/— 


Fourth - Simplify the terms on both sides to obtain the solutions, i.e., x = 23 


Therefore, the solution set is {-§. $} and the equation 16x” —25=0 can be factored to (x - 5) (x + 5) =0 which is 


the same as (4x - 5) (4x + 5) =0. 


5 5)? ? a ? 
Check: I. Letx=—> in 16x? -25=0; 16 5) -25=0 ; 16. -25=0 ; 25-25=0 ; 0=0 


2 2 2 
? 5 ? 


2 
Il. Let x=-2 in 16x? -25=0; ; 16- (=) =25=0 5 16. 25=0 ; 25-25=0 ; 0=0 


7. First - Write the equation x? —49=0 inthe form of x7 =b , 1e., x? =49 
Second - Take the square root of both sides of the equation, i.e., Vx? = +49 
Third - Simplify the terms on both sides to obtain the solutions, i.e., x = +7 
Therefore, the solution set is {-7, 7} and the equation x? =49 can be factored to (x - 7)(x + 7) =0. 


9 9 


Check: I. Letx=-7 in x?-49=0 ; (-7)° -49=0 ; 49-49=0 ; 0=0 


2 9 


Il. Letx=7 in x? 49=0;77 49=0 ; 49 49=0 ; 0=0 


8. First - Take the square root of both sides of the equation (3x - 1) = 2 5ihe:, is (3x -1) a +25 


Second - Simplify the terms on both sides to obtain the solutions, i.e., (3 x = +4/25 pox SS 5 
: 3x 4 
Therefore, the two solutions are: I. 3x-1=-5 ; 3x =-5+1 ; 3x=-4 ; 3 5 ae 133 and 
2: 
Il. 3x -1=+4+5 ; 3x =54+1 ; 3x ge Oey ere, 
3 3 1 


Thus, the solution set is {-133, 2} and the equation (3x - 1)? =25 can be factored to (x + 133) (x - 2) =0. 
2 2 2 
795 ; (-5)7=25 ; 57=25 ; 25=25 


2 
Check: I. Letx=-133 in (3x—1)? =25 ; (3--133-1)? =25 ; (-4-1) 


2 2 2 
I. Letx=2 in (3x-1)? =25 ; (3-2-1)? =25 ; (6-1)" =25 ; 57=25 ; 25=25 


9. First - Take the square root of both sides of the equation (x- 2) =-7,ie., (x- 2) 


Since the number under the radical is a negative number (an imaginary number) therefore, the equation (x = 2) =~—7 has 


no real solutions. 


2 2: 
10. First - Take the square root of both sides of the equation (x - 4 = 5 , Le., E = 4 = 5 
ig 1 fold 

Second - Simplify the terms on both sides to obtain the solutions, i.e., [x 1) = ft 57 5 + 7 
Therefore the two solutions are: I. x ! : 5x : + : oe = ~xy= o ; x=0 and 

3 3 3 3 3 3 

1 1 1 1 1+1 2 

Il. x 3; X=—+—535x= es 
3 3 3 3 3 3 
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2 
Thus, the solution set is {0 2) and the equation (x - 4 a ; can be factored to (x + 0) E - 2) =0 which is the 


2 
same as (x-2}=0 or x(3x-2)=0. 


2 29 2» 
Check: I. Let x =0 in [x 1) 1 ;(o ‘| | ‘( 1) ! : 11 


2 ( H 1 (2 nee ae ee fA 
Il. Let x =— in x ; ; =_; See 
3 Cy ae ae) a a ee 


1. First - Write the equation x? +10x-—2=0 in the form of x* +bx =-c , 1e., x? +10x=2. 


2 2 
5 5 
Second - Complete the square and simplify. x? 410x =2 ; x7 +10x+ : =2+ = 5x7 +10x +57 =2457 


5x7 +10x +25=2425 ; x7 +10x+25=27 ; (x +5)” =27 
Third - Take the square root of both sides of the equation and solve for x. 
(x 45) 277; (x +5)? = +/27 ; x +5=+519. Therefore, 
I x¥4+5=4519 ; x =519-5 ; x=019 and II x+5=-519 ; x=-519-5 ; x=-1019 
The solution set is {-10.19, 0.19} . 


Fourth - Check the answers and write the quadratic equation in its factored form. 
9 9 2 


I Letx=019 in x? +10x-2=0 ; 0197 +10-019-2=0 ; 0.036+19-2=0 ; 2-2=0; 0=0 
9 9 9 


I. Letx=-1019 in x* +10x-2=0 ; (-1019)” +10--1019 -2=0 ; 1038-1019-2=0 ; 1019-1019=0 
; 0=0 
Therefore, the equation x? +10x —2 =0 can be factored to (x + 10.19) (x - 0.19) =0. 


2. First - Write the equation x? —x-1=0 inthe form of x7 + bx =-c , 1e., x? -x=1. 


2 2 
Second - Complete the square and simplify. x? -x=1; x? x+( 1) 1+( ‘) 5 x? pies is 


4 4 
2 
; (« - 4) =1.25 
2; 


Third - Take the square root of both sides of the equation and solve for x . 


2 2, 
(x-4) =125 ; (x-4) = +y125 x= y=HLI18 ; x -05=+1118. Therefore, 


I. x-O05=41118 ; x=1118+05 ; x=1618 and WH. x-05=-1118 ; x=-1118+05 ; x=-0618 
The solution set is {-0.618, 1.618} . 


Fourth - Check the answers and write the quadratic equation in its factored form. 
9 9 9 


Il Letx=1618 in x? —x-1=0 ; 16187 -1618—1=0 ; 2618—1618—1=0 ; 2618—2618=0 ; 0=0 
9 9 9 


I. Letx=-0.618 in x? ~x-1=0 ; (-0618)” -(-0.618)-1=0 ; 0381+0618-1=0 ; -0.618 +0.618=0 
; 0=0 
Therefore, the equation x? —x—1=0 can be factored to (x + 0.618) (x - 1.618) =0. 


3. First - Write the equation x(x + 2) = 80 in the form of x* +bx =-c , 1e., x? +2x =80. 
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2 2 
Second - Complete the square and simplify. x? 42x =80 ; x7 +2x4 (2) -0+(2) 5x7 4+2x4+1=8041 


; (x+1)? =81 
Third - Take the square root of both sides of the equation and solve for x . 
(x a) =81; (x +1)? 7 +4/81 ; x +1=+9. Therefore, 
I x+l=+9 ;x=9-1; x=8 and II. x+1l=-9; x=-9-1; x=-10 
The solution set is {-10, 8} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 


? ? 
I. Letx=8 in x(x+2)=80 ; 8(8+2)=80 ; 8-10=80 ; 80 =80 
, ; 


I. Letx=-10 in x(x +2)=80 ; -10(-10+2)=80 ; -10--8=80 ; 80 = 80 


Therefore, the equation x(x + 2) = 80 can be factored to (x + 10) (x - 8) =0. 


4. First - Write the equation y? —10y+5=0 inthe form of y? + by =-c ,ie., ye -10y=-5. 


2 2 
5 5 
Second - Complete the square and simplify. y* —10y =-5 ; y? 10y +4 . 5+ * sy? -10y +5% =-5 +5? 


> y? -10y+25=-54+25 ; y* -10y+25=20 ; (y-5)° =20 


Third - Take the square root of both sides of the equation and solve for y. 


(y-5)° =20; y(v -5) = +20 ; y-5=+4447. Therefore, 


I y-5=4447 ; y=4474+5; y=947 and IL y—-5=-447; y=-4474+5; y=053 


The solution set is {0.53, 9.47} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 
? ? ? 
I. Let y=053 in y? -10y+5=0 ; 0537 -10-053+5=0 ; 03-53+5=0 ; 53-53=0 ; 0=0 
2 9 2 


Il. Let y=947 in y*-10y+5=0 ; 947? -10-947+5=0 ; 89.7-947+45=0 ; 94.7-94.7=0 ; 0=0 


Therefore, the equation ye —10y+5=0 can be factored to (y - 0.53) (y - 9.47) =0. 


5. First - Write the equation x? +4x—5=0 inthe form of x? + bx =-c , 1e., x7 +4x=5. 


2 oy 
Second - Complete the square and simplify. x7 44x =5 : x7 +4x4 : =5+ : : x7? 44x42? =542? 


x? t4x+4=54+4 ; x? t4x+4=9 ; (x42)? =9 
Third - Take the square root of both sides of the equation and solve for x . 
(x +2)? =9; (x +2)? =+ 9 ; x+2=+43. Therefore, 
I x4+2=43 ; x=3-2; x=1 and IL x4+2=-3 3; x=-2-33; x=-5 
The solution set is {-5, 1} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 
2 9 2 


lL Letx=l in x? +4x-5=0; 1274+4-1-5=0 ; 1+4-5=0 ; 5-5=0; 0=0 


2 2 


2 ? ? 
Il. Letx=—-5 in x? 44x 5=0 ; (-5)? +4-( 5)-5=0 ; 25-20-5=0 ; 25-25=0 ; 0=0 


Therefore, the equation x? +4x—5=0 can be factored to (x + 5) (x = 1) =0. 


6. The equation wis +4y =14 is already in the form of y? +by=-c. 
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First - Complete the square and simplify. y? +4y =14 ; y? +4y+ 5 144 ; y? t4y4 27 =1442? 


sy? +4yt4=1444 ; y? +4y4+4=18 ; (y+2)? =18 


Second - Take the square root of both sides of the equation and solve for y. 


(y +2)? =8; (y +2) =+y18 ; y+2=+424. Therefore, 
I. y+2=4424 ; y=424-2; y=224 and I. y+2=-424; y=-424-2; y=-624 
The solution set is {-6.24, 2.24} . 


Third - Check the answers and write the quadratic equation in its factored form. 
? ? 
I. Let y=2.24 in y? +4y=14 ; 2.247 +4-224=14 ; 54+9=14 ; 14=14 
2. ? 


I. Let y=-624 in y? +4y=14 ; (-624)? +4--624=14 ; 39-25=14 ; 14=14 


Therefore, the equation ye +4y =14 can be factored to (y + 6.24) (y - 2.24) =0. 


: : . 1 1 F . 
7. First - Write the equation w? + rae) =0 inthe form of w* + bw=-c x 18:5 we + a = oe 


i wl eG) ae ee le Le wks Ce 
Second - Complete the square and simplify. we+owe—3 wet w+ } = +( } Sw +—w =—+ 
3 2, 3 6 3 36 2 36 


we +—wt—= 5 we t+—wt 5 Wo+-wt+—=H= 


jr ee 0 Oy) ee a ec es Be age) ee 
, 3-36 2-36 3 BG: ° 72 B36. 2 


Third - Take the square root of both sides of the equation and solve for w. 


1\* 38 1)? _, [38 Lc Iqaoe 
w+t—}| =—; wt =< ; w4 +J0.527 ; w+0167=+0.726. Therefore, 
( 7] 72 ( =| 72 6 


I. w+0167=+0.726 ; w=0.726-0.167 ; w=0.56 and II. w+0167=-0.726 ; w= -0.726 — 0.167 
; w=-0.89 The solution set is {-0.89, 0.56} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 


2 2 x 
I Letw=056 in w? +iwo5=0 5 0.567 +5:056->=0 : 0.314019-05=0 ; 05-05=0 ; 0=0 


1 1? ? 2 
. 0 ; 0.79-0.29-0.5=0 ; 0.79 —-0.79=0 


Il. Let w=-0.89 in weow sous ( 089)" +-( 0.89) 


;0=0 


: 1 1 
Therefore, the equation w+ Pi re 0 can be factored to (w + 0.89) (w - 0.56) =0. 


: 1. . 
8. The equation 24325 7) is already in the form of 2 +bz=-c. 


2 
ee a pipe se (+3) =2 
4 4 4 4 


goa soe 
N 
+ 
Nile 
nN 
ll 
NO 
Fo ne 
N 
+ 
Nilw 
nN 
ll 
I+ 
rer 
N 
+ 
| 
ll 
I+ 
ie 
_ 
= 
ms 
4 
> 
oa 
ind 
oO 
oy 
5 
ne 
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3 


ik z+5=+14l4 sz=-S +144 ; z= 1541414 ; 2=-0086 and IL. z+5=-1414 : z=-5-1414 : 


; z=-15-1414 ; z=-2.914 The solution set is {-2.914, — 0.086} . 


Third - Check the answers and write the quadratic equation in its factored form. 


2 2 


IL Letz=-Ol in 2? +325 - ; (-0.086)* +3 -(-0.086) =~ 0.25 ; 0.008 - 0258=- 0.25 ; -0.25 = -0.25 


2 2 


Il. Letz=-2914 in 2? #32=-2 ; (-2914)* +3-(-2914)=-0.25 ; 849-8.74=-0.25 ; -0.25=-0.25 


Therefore, the equation 2° 43z= - can be factored to (z + 2.914) (z + 0.086) =0. 


9. First - Write the equation 2 #22-5 =0 in the form of z? +bz =-c ges, 2? ale = oe 


2 


2 2 
Second - Complete the square and simplify. z? + 2 = Es z 4 52+(5} ae (2) 5 2? +3 1S- : + a 


° r 36 


Zz 


5 z+ 5 Zz +224 
36 2-36 3 36 72 3 36 


Third - Take the square root of both sides of the equation and solve for Z . 


2 2 
(2+ 5) 208 : E + 5) = +/°2 ; eeae 1194 ; z+083=+1.09. Therefore, 
6 72 6 72 6 


I. 2+083=+109 ; z=109-083 ; ¢=026 and I. z+083=-109 ; z=-109-083 ; z= 
The solution set is {-1.92, 0.26} . 


1-36) +(25-2 2 
st 5e4 25! )+(25-2) 4 5 25_36+50 5 5 25 86 (. 3) 86 


1.92 


Fourth - Check the answers and write the quadratic equation in its factored form. 


? 2 ? 
lL Letz=0.26 in 2? #o2-5=0 : 0.262 +3-026-—=0 ; 0.07+043-05=0 ; 05-05=0 ; 0=0 
2 5 2 5 1? M 2 
I. Letz=-192 in 2? +=z-—=0 ; (-192) al 192) 570; 37-32-05=0 ; 37-37=0 ; 0=0 


Therefore, the equation z+ >. ——=0 can be factored to (z + 192) (z - 0.26) =0. 


10. The equation x? -6x =-4 is already in the form of x? +bx=-c. 
2 2 
3 3 
: Pr 2 2 6 6 2 
First - Complete the square and simplify. x“ —-6x =—4 ; x° —6x + 4+ : 


» x? 6x +9= 449; x? 6x+9=5 ; (x 3)? =5 
Second - Take the square root of both sides of the equation and solve for x . 


(x 3) = 57 f(x 3) =+/5 ; x -3=+2.24. Therefore, 


I x¥-3=42.24 5; x=2244+3; x=524 and Il. x-3=-2.24 ; x=-2.244+3; x=0.76 
The solution set is {0.76, 5.24} : 


Third - Check the answers and write the quadratic equation in its factored form. 


9 


2? ? 
lL Letx=0.76 in x? -6x=-4 2 0.767 —6-0.76=-4 ; 057-457=-4 ; -4=—-4 


% sy. 


Il. Letx=524 in x? -6x=-4 ; 5242 -6-524=-4 ; 2745-3145=-4 ; 4=-4 


Therefore, the equation x? —6x =—4 can be factored to (x - 0.76) (x - 5.24) =0. 
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Section 1.4 Case II Solutions - Solving Quadratic Equations of the Form ax* +bx+c=0 , where a) 1, by Completing the Square 


1. First - Write the equation 4u? + 6u+1=0 in the form of au* +bu=—c , 1e., 4u? +6u=-1. 


Second - Divide both sides of the equation by the coefficient of ue ,1e., <, +—u=- 


2 2 
Third - Complete the square and simplify. ur + : u ' Sue + ; u+(3} a +(3 ; ue Su gee = uae 


16 4 16 
2 2 2 5 2 
( 3) (-1-16) +(9-4) ( | -16 +36 ( 3) 20 ( 3) 5 
3 (ut = 3) ut = 3 | ut = 3 (ut = 
4 4-16 4 64 4) 64 


Fourth - Take the square root of both sides of the equation and solve for uw. 


3\7 3 a aie ee CE 
ut+—| =—; ut = ; u+—=+¥0313 ; u+0.75 = +056. Therefore, 
( ;| 16 ( ;| 16 4 


I. ut+0.75 = +056 ; u=056-0.75 ; w=-019 and II. uw+0.75=-0.56 ; u=-0.56-0.75 ; w=-131 
The solution set is {-1.31, - 0.19} : 


Fifth - Check the answers and write the quadratic equation in its factored form. 
2 2 


? ? ? 
I Letu=-019 in 4u? +6u+1=0 ; 4-(-019)? +6--019+1=0 ; 4-0.036-114+1=0 ; 014-114 +1=0 


? 
 114-114=0 ; 0=0 
2 2 2 ? 
I. Letu=-131 in 4u* +6u+1=0 ; 4-(-131)” +6--131+1=0 ; 4-1716-786+1=0 ; 686-786 +1=0 
9 


; 786-786=0 ; 0=0 
Therefore, the equation 4u* +6u+1=0 can be factored to (u + 131) (u + 0.19) =0. 


2. The equation 4w* +10w =-3 is already in standard form of aw? +bw=-c. 


5 
First - Divide both sides of the equation by the coefficient of w? gle: oy iow = = 5 w tiw=-2 
2 
5 3 5 eee SES So OS. We 5 
Second - Complete the square and simplify. w? +—w Sweet w+ } =- +( } Swe +lw+ as -i4+ 
2 4 2 4 4 \4 2 16 4 16 
13 
( a), (-3-16) + (25-4) ( a 48 +100 ( a 52 ( a) 13 
5 {wt = 5; | wt = swt = | wt = 
4 4-16 4 64 4 a 4 16 


Third - Take the square root of both sides of the equation and solve for w. 


53 5)? 3 5 
w+—| =—; wt =+ ; w+—=4+¥V0813 ; w+1.25=+40.9. Therefore, 
( | 16 ( >) Vig?” 4 


I w4+125=+09 ; w=09-125 ; w=-035 and ID w+l25=-09 ; w=-0.9-125 ; w=-215 
The solution set is {-2.15, - 0.35} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 
? 2 


2 ? ? 
L Let w=-035 in 4w? +10w=-3 ; 4-(-035)” +10--035=-3 ; 4-0123-35=-3 ; 05-35=-3 ; -3=-3 


9 2 


? ? ? 
IL Letw=-215 in 4w*+l0w=-3 : 4-(-2.15)” +10--215=-3 ; 4-462 -215=-3 ; 185-215=-3 ; -3=-3 


Therefore, the equation 4w* +10w =-3 can be factored to (w + 2.15) (w + 0.35) =0. 


3. First - Write the equation 6x? +4x-—2=0 in the form of ax” + bx =-c , 1e., 6x? +4x=2. 
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2 
ne : 2:, 62,4 2. 2 
Second - Divide both sides of the equation by the coefficient of x“, i.e., ‘ rae 3 xX° +=x= 
3 3 
2 2 
i ik 2 {2] 1 {2 Be Maye ¢ de sede 
Third - Complete the square and simplify. x4ix= sx? 4244 + es r+(4) = (4 
3 3 3 6 3 16 3 3 3. N38 
3 3 
Par es ee | ( ay (1-9) + (1-3) ( ai 943 ( a 12 
5 xo +—=x4+ t— 3 | x+ = s|x4 = s|xt - 
3 9 3 9 3 3-9 3 27 3 27 


Fourth - Take the square root of both sides of the equation and solve for x . 


ip eae io eee ee re 
x+ = > 4{| x4 an 3 x4 +V0.44 ; x +033=+0.66. Therefore, 
( q 27 ( q 27 3 


Il. x+033=+0.66 ; x=0.66-033 ; x=033 and II. x+033=-0.66 ; x =-0.66-033 ; x =-1 
The solution set is {-1, 0.33} : 


Fifth - Check the answers and write the quadratic equation in its factored form. 
2 2 


? ? ? 
I. Let x=033 in 6x? +4x-—2=0 ; 6-(033)” +4-033-2=0 ; 6-011+132-2=0 ; 0.66 +132-2=0 


2: 
; 2-2=0 ; 0=0 
9 9 9 


? ? ? ? 
Il. Letx=-1 in 6x7 +4x-2=0 ; 6-( 1)? +4: 1-2=0 ; 6-1-4-2=0 ; 6—-4-2=0 ; 6-6=0 ; 0=0 


Therefore, the equation 6x” +4x-—2=0 can be factored to (x - 0.33) (x + 1) =0. 


4. First - Write the equation 15y? +3=-14y in the form of ay” + by =-c ,ie., 15)? +14y=-3. 


we : : . , 14 14 
Second - Divide both sides of the equation by the coefficient of y? Le, u y? +—y s ; ye +—y 
13 15 13 15 5 
5 
2 2 
14 1 14 14 1 14 14 196 1 196 
Third - Complete the square. y* + ; a4 +( } =-—4 ( } ; a + - 
: > ie 5 a is 30 5 30 os is 900 5 900 
ie =) 
14| _ (-1-900) + (196-5) ( a ~900 + 980 ( ay, 80 ( a 4 
ye 7 eas = | ge = 3 [yt = 
30 5-900 15 4500 15 4300 15 225 
15 225 


Fourth - Take the square root of both sides of the equation and solve for y. 


He oa are 4 3.3. ta 
+—| =—; + =+ ; y+—=+¥v0.02 ; y+046=+4013. Therefore, 
(y 1) 225 E 7) Vos °° 45 is 


I y+046=4013 ; y=013-046 ; y=-033 and IL y+046=-013 ; y=-013-046 ; y= -0.59 


The solution set is {-0.59, - 0.33} : 


Fifth - Check the answers and write the quadratic equation in its factored form. 
2 9 


I. Let y=-033 in 15y? +3=-14y ; 15-(-033)7 $32-14--033 : 15-0108 +3=4.62 ; 162+3=4.62 
4.62 =4.62 

I. Let y=-059 in 1Sy? +3=-14y ; 15-(-059)? $3=-14--059 ; 15.0348 +3826 : 52343826 
; 8.26 = 8.26 


Therefore, the equation 15 x +3=-14y can be factored to ( yt 0.59) (w + 0.33) =0. 


5. First - Write the equation 2x* —5x +3=0 inthe form of ax? +bx=-c , 1Le., 2x? —5x=-3. 
2 2 5 Fe 3 2 5 3 
2 2 2 


Second - Divide both sides of the equation by the coefficient of x? , 1e., 
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5 3 5 5\7 3 
Third - Complete the square and simplify. x? 5 x 5 2 x? : x +( } 5 t 


( a (-3-16) +(2-25) ( ay 48 +50 ( a) 2 ( a 1 
Fa Ie = 5 [x 3 |% = a, ii 
4 2-16 4 32 4) 4) 16 


Fourth - Take the square root of both sides of the equation and solve for x . 


2 2 
(x 5) 2 x E 5) +] A 3.96 2 ie ; x -L25=+0.25. Therefore, 
4 16 4 16 4 4 


I. x-125= 40.25 ; x =0.254+125; x=15 and Il. x-125=-025 ; x =-0.254+125; x=1 
The solution set is {1, 15} : 


Fifth - Check the answers and write the quadratic equation in its factored form. 
9 2 9 9 


I. Letx=1 in 2x? —5x4+3=0; 2-17 5-14+3=0 ; 2-1-5+3=0 ; 2-5+3=0 ; 5-5=0; 0=0 


? 2 2 ? 


Il. Letx=15 in 2x? —5x+3=0 ; 2-15? -5-1543=0 ; 2-225-75+3=0 ; 45-75+3=0 ; 75-75=0 
; 0=0 
Therefore, the equation 2x7 —5x +3=0 can be factored to (x -1)(x-15) =0 


6. First - Write the equation 2x? +xy- y? =0,where x is variable, in the form of ax” +bx =-c yie., 2x7 + yx = y? 


2 2 
Second - Divide both sides of the equation by the coefficient of x? ie, are +ixe 7 : x7 + aes 7 
pag WAP 23 Sey MI PS 
Third - Complete the square and simplify. x? 4x = 3x7 + 4( } = +( } sx? 42x ( } = + 
P 2 2 4 2 4 2 4 2 16 
9 
2 (»? 16) +(»? -2} 2 24.2 2 2 
16 2 
:(<+2] - (+2) =v ** : (+2) = yt 5 (242) =-y? 
4 2-16 4 32 4 ite 4 16 


Fourth - Take the square root of both sides of the equation and solve for x . 


(«+2) 7 mice ») = tf a re x +0.25y = +0.75y. Therefore, 


1. ee ; ste aes: : aa and II. x+025y=-0.75y ; x=-0.75y-0.25y ; x=-y 


The solution set is {- y, 0.5 y} : 
Fifth - Check the answers and write the quadratic equation in its factored form. 


? ? 
I. Letx=O5y in 2x? +xy—-y? =05 2-(05y)? +(05y)-y-y? =0 ; 2-025y? +057 ~y*=0 
? 


? 
; 05y7 +05y7 y? =0 ; y? y* =0 ; 0=0 


? ua ? 
Il. Letx=-y in 2x? +xy—y? =0 ; 2-( y)” +( y)ry y? =0 ; Qyy aay r= ; 2y? -2y* =0 ; 0=0 
Therefore, the equation 2x” + xy — y* =0 can be factored to (x+ y)(x-05 y) =0. 


7. First - Write the equation 6x? +7x-—3=0 in the form of ax? + bx =-c , 1e., 6x7 +7x=3. 


1 
Second - Divide both sides of the equation by the coefficient of x? ie, ox? + Ir=s : x? 4 rx : 
2 
jee Gowen 7. 49 1. 49 
Third - Complete the square and simplify. x? 4—x ; x? 4 x+( } = +( } ig x+ =—+ 
6 2, 6 12 2 12 6 144 2 144 
( Z, (1-144) + (49-2) ( zy, 144 +98 ( a 242 
5 | x+ = | x+ - 5 | x+ = 
12 2-144 12 288 12 288 


Fourth - Take the square root of both sides of the equation and solve for x . 
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2 2 
(x+ 7) chen : [x+ r) ae 5 xt i =+70.84 ; x+0.58 = +0.92. Therefore, 
12 288 12 288 12 


I x+058 = +4092 ; x=0.92-058 ; x=034 and II. x+058=-092 ; x=-0.92-058 ; x=-15 
The solution set is {-15, 034} : 


Fifth - Check the answers and write the quadratic equation in its factored form. 

? ? 2 

Il. Let x =034 in 6x? +7x-3=0; 6-(034)? +7-034-3=0 ; 6-0115+238-3=0 ; 069+238-3=0 

2 
; 3-3=0 ; 0=0 

2 2 2 

Il. Letx=-15 in 6x? +7x-3=0; 6-(-1 5) +7--1L5-3=0 ; 6-2.25-105-3=0 ; 135-105-3=0 

? 


; 135-135=0 ; 0=0 
Therefore, the equation 6x” + 7x —3=0 can be factored to (x +15) (x - 0.34) = 


8. First - Write the equation 5x? =—3x in the form of ax* +bx =—c , 1e., 5x? +3x=0. 


Second - Divide both sides of the equation by the coefficient of x? , 1Le., : x? 4 : x= : 5 x? 2 


2 2 
3 3 3 3 3 
Third - Complete the square and simplify. x? wee =0; xr + 3 +(- } = 0+{3) ; x? ee oa 


(a) a 
;{x+—] =— 
10 100 


Fourth - Take the sia root of both sides of the equation and solve for x . 


(<+3] + . Therefore, 
7 | tn 10 


3 


= x= _— 
10 10 10 10 


The solution set is {-2. of ; 


Fifth - Check the answers and write the auadrane equation in its factored form. 
9 


I Letx=0 in 5x* =-3x ee - 5-0=-3-0 ; 0=0 


29 ? 
Il. fetes? in 4x? = ax 5 5 3) 3:3 aie Ze 9 
5 5 5 23° DS 5° 5 
5 
Therefore, the equation 5x” =-3x can be factored to (x + 0) (x + 3) =0 which is the same as x (5x + 3) =0. 


9. First - Write the equation 3x +4x+5=0 in the form of ax? + bx =—c shes 3x7 +4x =-5. 


4 5 4 5 
Second - Divide both sides of the equation by the coefficient of x? , 1e., a + = = ac 3 x7 + ae 7 aes 
ae aa 2 2 
2 He (2 
Third - Complete the square and simplify. x“ +—x px" ox + ey 4.+( } -( } 
6 ea 6 3 3. NB 
3 3. 
2 i 2 
oe ae cee ee | ( z) (-5-9) +(4-3) ( a -45 +412 { a) 33 ( 2) 11 
5X > +—X4 t 5 (| xt = 5 | xt x+ 5 | x4 
3 9 oo 29 3 3-9 3 27 3 9 
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Fourth - Take the square root of both sides of the equation and solve for x . 


2 2 
2) 11 ( 2) 11 2 
x+ ; x+ Ze 5 x+—=4+y-122 
( 3 9 (3) 9 3 


Since the number under the radical is a negative number (an imaginary number) therefore, the equation 3x7 +4x+5=0 


has no real solutions. 
10. First - Write the equation -3y7 +13y+10=0 in the form of ay” + by =-c ,ie., -3y? +13y=-10. 
3B 4 13 -10 , 9 13 10 


¢ - 
ye faa eg = a oe 


Second - Divide both sides of the equation by the coefficient of yo ,1e., 


2 
Third - Complete the square and simplify. y? ~ y= ~ an = y +( 3) * +( 8) 


13 pee By). ee) S nla a 867 
By Bee ee A ek 3-36 , 6 tos 


Fourth - Take the square root of both sides of the equation and solve for y. 


(»-8) slo 8) Nesey = +803 ; y-217=+4283. Therefore, 


I y—217=4283 ; y=2834+217; y=5 and Il. y—-217=-283 ; y=-283+217 ; y= 0.66 


The solution set is {-0.66, 5} . 


Fifth - Check the answers and write the quadratic equation in its factored form. 
? 7 ? 


I. Let y=5 in —3y? +13y+10=0 ; -3-57 +13-5+410=0 ; 3-254+65+10=0 ; -75+65+10=0 


? 
5 -75+75=0 ; 0=0 
Me 2 
Il. Let y=-066 in —3y?+13y+10=0 ; -3-(-0.66)* +13--0.66 +10=0 ; -3-0.436-858 +10=0 
2 2 


> -132-858+10=0 ; -10+10=0 ; 0=0 


Therefore, the equation -3y7 +13y+10=0 can be factored to (y + 0.66)(y - 5) =0. 


Section 1.5 Case I Solutions - Solving Quadratic Equations Containing Radicals 


1. First- Move —y +2 terms of the equation ./—9y + 28 — y+2=0 to the right hand side of the equation to obtain 


V—-9y +28 =y-2 
2 
Second - Square both sides of the equation ./-9y+28 = y—2 ; (V Oy 4 28) =(y 2)° : 9y +28 =(y ay 


Third - Complete the square on the right hand side of the equation and simplify. —-9y + 28 = (y - 2) 


; 9y+28=y? +4-4y 5 O=y? +(4—28)+(9y—4y) ; O= y? -2445y 
Fourth - Write the quadratic equation 0 = y? —24+5y in standard form, i.e., 7 +5y—-24=0 


Fifth - Solve the quadratic equation by choosing a solution method. y? +5y—24=0 ; (y - 3) (y + 8) =0. 


Therefore, the two apparent solutions are: y—3=0 ; y=3 and y+8=0; y=-8 


Sixth - Check the answers by substituting the y values into the original equation. 


2 2 2 2 
I. Lety=3 in J-9y+28-—y+2=0; ¥—-9-34+28 —34+2=0 ; ¥-27+28 1=0; v1 1=0 ; 1-1=0; 0=0 
? ? ? 
Il. aa in iio y+2=0; .J-9 + 28 +2=0 ; ¥72+28 +8+2=0 ; v100 +10=0 


; vl0 2 410= 0: 10+10= “0: ; 2040 
Therefore, y =3 is the only real solution to the equation .j/—9y + 28 -y+2=0. 
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2 
2. First - Square both sides of the equation. 2x =y9x +3 ; (2x)? = (vx + 3] ; 4x? =9x +3 


Second - Write the quadratic equation 4x? =9x +3 in standard form, i.e., 4x? -9x-3=0 


Third - Solve the quadratic equation by choosing a solution method. 4x? -9x-3=0; (x 0.3) (x 2.55) =0. 
Therefore, the two apparent solutions are: x+0.3=0 ; x=-03 and x-255=0 ; x=2.55 


Fourth - Check the answers by substituting the x values into the original equation. 
? ? 1 
I. Letx=-03 in 2x=V9x+3 ; 2-(-03)=,/9-(-03)+3 ; -06=J-2743 ; -06= 03 ; -0.6 # 0.547 


? ? 2 
I. Letx=2.55 in 2x=V9x4+3 : 2-255=79-25543 ; 51=/22954+3 : 51=/2595 : 51=51 


Therefore, the equation 2x =/9x +3 has one real solution, i.c., x =2.55. 


3. First - Write the quadratic equation = —J/5t in standard form, 1.e., ee V5t =0 


Second - Solve the quadratic equation by choosing a solution method. fF V5t =0; it + 45) =0. 


Therefore, the two apparent solutions are: ¢ =0 and ¢+ V5 =0;t= V5 


Third - Check the answers by substituting the ¢ values into the original equation. 

lL Lett=0in ¢? = 5% ; 02 2-5-0 ; 0=0 

Il. Lett=0 in — St : 5)’ = 5; V5 : 4524 55 : 5- 5? ; =9 
Therefore, t=0 and t= = are the real solutions to t7 = St . Furthermore, the equation P= —/5t can be factored to 
i{¢ +5 ] =0. 


4. First - Write the quadratic equation y? om V8y = 7 in standard form. y? - V8y —-7=0 


Second - Solve the quadratic equation by choosing a solution method. y* —V8y—7=0 ; (vy +16)(y-44)=0. 
Therefore, the two apparent solutions are: y+16=0 ; y=-16 and y—44=0; y=44 


Third - Check the answers by substituting the y values into the original equation. 


? ? ? 
I. Let y=-16 in y? ~8y=7 ; (-16)? — V8 -(-16)=7 ; 256-283-(-16)=7 ; 256+453=7 ; 7=7 


2 2 


a ? ? 
I. Let y=44 in y?-V8y=7; 447 -¥8-44=7 ; 1936-283-44=7 ; 194-124=7 5 7=7 


Therefore, y = —1.6 and y=44 are the real solutions to y? = V8y =7. Furthermore, the equation apr = V8y =7 can be 
factored to (y +1.6)(y—4.4) =0. 


5. First - Write the quadratic equation 5x =2x? in standard form, i.¢., 2x? — 5x =0 
Second - Solve the quadratic equation by choosing a solution method. 2x? - 5x =0; x(2x - 5 =0. 


V5 


Therefore, the two apparent solutions are: x=0 and 2x V5 0; 2x 5 5x 


2 
Third - Check the answers by substituting the x values into the original equation. 
? 
I. Letx=0 in 5x =2x? : V5 -0=2:-0? ; 0=0 
2 
2 ae a? 52 ? 
IL. gee Sec? «fg NO v5 Re ices : oceas = > 
2 2 2 2 4 2 2° 2. 2 


Therefore, x =0 and x= i are the real solutions to 5x =2x7, Furthermore, the equation 5x = 2x* can be factored 


to x(2x - 45) =0 which is the same as ax -& =0. 
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2 
6. First - Square both sides of the equation. ¥x* —12 =2 ; (V9? -12} =2?;x7-12=4 


Second - Write the quadratic equation x? —12=4 in standard form, i.e., x? -12-4=0 : x? -16=0 


Third - Solve the quadratic equation by choosing a solution method. x? -16=0 ; (x 7 4) (x + 4) =0. 


Therefore, the two apparent solutions are: x -4=0 ; x =+4 and x-4=0 ; x=-4 
Fourth - Check the answers by substituting the x values into the original equation. 


? ? 2 ? 
lL Letx=-4 in yx? 12 =2; of 4)? 12=2 ; J16-12=2 ; J4=2 ; 42? =2 ; 2=2 
? 2 2 ? 
i eee aie Woe 2 93 4419-2 figs 2 aa eo a 


Therefore, x =4 and x = -4 are the real solutions to vx? —12 =2. Furthermore, the equation Vx? -—12 =2 canbe 
factored to (x + 4) (x - 4) =0. 


2 
7. First - Square both sides of the equation. ¥—8x —4 =2x +1; (v 8x 4) = (2x 1)? ; —8x 4=(2x +1)" 


Second - Complete the square on the right hand side of the equation and simplify. —8x —4= (2x + 1)? 


; 8x-4= 4x7 4144 5 -8x—-4x—-4-1=4x? 5 -12x-5= 4x? 
Third - Write the quadratic equation —12x —5= 4x? in standard form, i.e., 4x? +12x+5=0 


Fourth - Solve the quadratic equation by choosing a solution method. 4x? +12x+5=0 : (x + 1) [x + 5) =0. 


: 1 1 5 
Therefore, the two apparent solutions are: x + ; Og and x 4 0;x 


Fifth - Check the answers by substituting the x values into the original equation. 


4 ? ? ? 
lL Letx >in 8x-4=2x41; #( 1} 4 2( Lat; va 4=-14+1; J0=0; 0=0 


4 ? ? ? 
Il. Let x in J-8x 4=2r+1; | #( 5) 4 2-( S) 41; 420 4=-54+1; J16=-4; 44-4 


Therefore, the equation ~—8x — 4 =2x +1 has one real solution, i.e., x = 5 . 


2 
8. First - Square both sides of the equation. x =J—x+2 ; x? = (W=x + 2} ; x? =-x42 
Second - Write the quadratic equation x? =-x +2 in standard form, i.e., x7 +x-2=0 


Third - Solve the quadratic equation by choosing a solution method. x7 +x-2=0 ; (x -1)(x+2)=0. 


Therefore, the two apparent solutions are: x -1=0 ; x=1 and x+2=0 ; x=-2 


Fourth - Check the answers by substituting the x values into the original equation. 


? ? 
Il Letx=1 in x= x4+2 ; l=/-14+2 > l=v1 ; 1l=1 


? ? ? 2: 
Il. Letx=-2 in x=y-x+2 3; -2= (-2)+2 ; 2=¥24+2 ; 2=/4 ; 2-22 ; 2#2 


Therefore, the equation x =/—x+2 has one real solution, i.e., x =1. 


2 
9. First - Square both sides of the equation. x = y~—2x+3 ; x? = (W=2x + 3] 5x7 =-2x 43 


Second - Write the quadratic equation x? =-2x +3 in standard form, 1.e., x? +2x-3=0 


Third - Solve the quadratic equation by choosing a solution method. x? 4+2x-3=0; (x 1) (x 3) =0. 


Therefore, the two apparent solutions are: x -1=0 ; x=1 and x+3=0; x=-3 
Fourth - Check the answers by substituting the x values into the original equation. 
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2 2 2 
L Letx=lin x= ¥—2x+3 ; 1=J-2-143 ; 1=¥243 ; 1l=y1 ; 1=1 
2 2 2 2 
Il. Letx=-3 in x=V-2x4+3 ; -3=V-2--343 ; -3=V6+3 ; 3=7/9 ; 3=737 ; 343 
Therefore, the equation x = -¥—2x +3 has one real solution, i.c., x =1. 


2. 
43) =(x+1) Z x? +3=(x+l) 


10. First - Square both sides of the equation. Vx74+3=x41 ; ( 


Second - Complete the square on the right hand side of the equation and simplify. x? +3=(x+ 1)° 5x7 43=x7 4142 


» x? — x2 43-1-2x=0 ; x? —x2 42-2 =0 ; 2-2x=0 


Third - Solve the equation, i.ec., 2—2x=0 ; (1 - x) =0. 
0; -—x i eee ea 


Therefore, the apparent solution is: 1—x 


Fourth - Check the answer by substituting the x value into the original equation. 
2 2 2 2 
Letx=lin ¥x243=x41; ¥I24+3=141; J143=2 ; (4=2; ¥2? =2 5 2=2 
Therefore, x =1 is the real solution to Vx? +3=x41. 


Section 1.5 Case II Solutions - Solving Quadratic Equations Containing Fractions 


: » SF gp a(y-2)-(y4i) 5 8=y2 +y—y-1 s 8=y2-1 5 B4l=y?; y? =9 5 fy? = 49 


= y—1 can be expressed in 


Therefore, the two solutions are y= +3 and y=-3. In addition, the fractional equation i 
yt 


factored form as (y-3)(y +3) =0. 


2 24 2 
: 8 8 g 2° 

Check: I. Let y=+3 in y-l; 3-1; 28 22a 2 
y+l 341 4 1 

4 
2 2 2 
Il. Let y=-3 in S =y-l; S 3-1; a 4; A 4;4=-4 
y+l 341 2 1 


), eae --= ; (Ix +15)-1=2x-x 5 Lx +15=2x? ; 2x? -11r-15=0 ; (x +3)(2x+5)=0 
x x 
Therefore, the two solutions are x +3 =0 ; x =-3 and 2x+5=0 ; 2x=-5 ; x - 5x 


2.5. 


hes 9 = ? _129? ? ? 
11-(-3) +15 2.(-3) ; 33415! -18! | 18 6; BU 6 


Check: I. Let x =-3 eS 26 : ; ; 3 ; 
x -3 -3 3 
5 
1ie(935) 415? Dsus). 21252 S05. 5 
Il. Let x =-2.5 in eae 23 ( 2-( 2.5) ; u =5.5 =5 5 125 © 5 5 
x 25 25 25 23 1 
5 5=5 
P) 7) 2 2 
x 1 x 1 x“ -l x“ -1 0 2 2 2 3 
3. = ; =0; =0; ; (x 1) -1=0 x+3) 3 x° -1=0 3 x7 =1; y¥x° =+yl 
x+30 x43 x»4+3 x43 x+3 x+3 1 ( ) vi 
2 
1 


; x =+1. Therefore, the two solutions are x = +1 and x =-1. In addition, the fractional equation 5 3 
x+ x+ 


can be expressed in factored form as (x + 1) (x - 1) =0. 

2 292 
Check: I. Letx=+1 in id sg ae, ee 
x+3 x4+3 143 143 4 4 


a MS Ge! Sark ee 


Il. Letx=-1 in 
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ieee Op pee Tl 2u)-1=—u-w 5 1-2u=-u? ; uv? 2u+1=0 ; (w-l)* =0; (u-1)? =+V0 
u 


; u-1=+0 ; u=1 


. a : ; 1-2u 
Therefore, there are two repeated solution of u=1. In addition, the fractional equation =-u canbe 


expressed in factored form as (wu —1)-(u—1)=0. 


3 1-(2-1)? _9? ? 
Check: Letu=+1 in meee u; : ) ee Z 1; : 1;-l 1 


u 
3: ee : Rr eee. <2 == : (x +2)-x =1-3 : x? 42x =3 : x? +2x-3=0 : (x +3)(x-1)=0 
x x x 


Therefore, the two solutions are x +3 =0 ; x=-3 and x-1=0; x=1. 


3 23 ? 
Check: I. Letx=-3 in x 2;-3 5 2; -3=-1-2 ; -3=-3 
x = 
3 23 ? 
Il. Letx=l1 in x 2;1 2;1=3-2;1=1 
x 1 
3x -10 3x -10 
6. s x5 z 7 3 13x 10) =-x-x ; 3x-10= x? 3 x7 +3x-10 0 ; (x+5)(x-2)=0 
x x 
Therefore, the two solutions are x +5=0 ; x =-5 and x-2=0; x=2. 
5 
: 3-(-5)-10? -15-10?_ -25? et 
Check: I. Letx=-5 in aia H's (-5) (-5) ; 5; ee 5; ==5;5=5 
x 5 —5 5 3 1 
3x -10 3-2-10? 6-10? 42 gt 
Il. Letx=2 in 3 =-2; 23 Qe: 2;-2=-2 
x 2 2 Zz 1 
Ts ga ; nt ;u-u=49-1; u> =49 ; yu? =+,/49 : u=+V7" 3; u=+7 
u u 


; - . : 49 : 
Therefore, the two solutions areu =+7 and u=-—7. In addition, the fractional equation uw =—— can be expressed in 
u 


factored form as (u - 7)\(u ++ 7) =0. 


49 ? 49 ba 
Check: I. Letu=+7 in u 27 Wass 3 7=7 
u 7 1 
? 7? ? 
Il. Letu=-7 in peau ; ea ; Ue ; -7--7=49-1; 49=49 
u -7 1 -7 
5 6x+l 
8. 6x +17 vee: 5 (6x +17)-x=-5-1 5 6x? +17x =-5 ; 6x7 +17x+5=0 ; (2x+5)(3x+1)=0 
x x 
Therefore, the two solutions are2x +5=0 ; 2x aed : ; x =-2.5 and 3x+1=0 ; 3x | ae : ; x =-0.333. 
2 2 


Check: I. Letx=-2.5 in 6x+17 2 ‘ (6: 25) +17 ; -154 ears <2=9 
x ; 


9 9 


I. Letx=-0333 in 6x+17=-—; (6--0.333) +17 >. 198 +17=2_ ; 15.02 =15.02 
% -0333 0.333 
3 4 
9. y+4 — 3 (vy +4)-y=-3-1 5 y? +4y=-3 5 y? +4y43=0 ; (y+3)(y+1)=0 
, y 


Therefore, the two solutions are y+3=0 ; y=-3,and y+1=0; y=-1. 


2 2 2 
Check: I. Let y=-3 in y+4= a5 344 a4 a4 at 1 
y -3 3 1 
an 2 
Il. Lety=-l1 in y+t4= as 1 yeaa, eee ee 
y -1 1 
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-—Sx-2 3x -Sx-2 
10. 3x= 2 : = = i 5 3x-x =( 5x 2)-1 5 3x7 =-Sx-2 5 3x7 +5x+2=0 ; (3x+2)(x+1)=0 
x x 
Therefore, the two solutions are 3x +2 =0 ; 3x =-2 ; x : ; x =-0.67 and x+1=0; x=-1. 
ae ? (-5 x -0.67) -2 1335-9 ? 135 
CHM Reppealer Gy a eee ( ) : -021=— eet 
x —0.67 —0.67 0.67 
; -0.21=-0.21 
2 2 2 
5x — ?(-5 x -1)-2 = 
Il. Letx=-l in 3x= ae 25 1 ( _ ; 2 =; 3 as 3=-3 
e Zz = 


Section 1.6 Solutions - How to Choose the Best Factoring or Solution Method 


1. First Method: (The Trial and Error Method) 
Write the equation x? =16 in the standard quadratic equation form ax” +bx+c=0 , Le., write x? =16 as 


x? +0x-16=0. Consider the left hand side of the equation which is a polynomial. To factor the given polynomial we 
need to obtain two numbers whose sum is 0 and whose product is —16. Let’s construct a table as follows: 


Sum Product 
1-1=0 1-(-1)=-1 
2-2=0 2-(-2)=-4 
3-3=0 3.(-3) =-9 
4-4=0 4-(—4) = -16 


The last line contains the sum and the product of the two numbers that we need. Thus, x? =16 or x7 +0x-16=0 canbe 
factored to (x —4)(x+4)=0 


Second Method: (The Quadratic Formula Method) 
First, write the equation in the standard quadratic equation form ax’ +bx+c=0 , Le., write x7 =16 as x? +0x-16=0. 


Second, equate the coefficients of x? +0x-16=0 with the standard quadratic equation by letting a=1, b=0 , and 


c=-16. Then, 
hE yb? Aas -0 +0? -(4x1x -16) +/0+64 +,/64 82 8 
Given: x= 5 3 Faas .=—-5 caer ;xat Fra 
a x 


Therefore, the two solutions are x =—4 and x =4 and the equation x? +0x-16=0 can be factored to (x + 4) (x - 4) =0. 


Third Method: (The Square Root Property Method) 
Take the square root of both sides of the equation, i.e., write x? =16 as Vx? = +/16 5 Op Sek 4? ; x=+4. Thus, 


x=4+4 and x=-4 are the solution sets to the equation x? =16 which can be represented in its factorable form as 
(x +4)(x-4)=0. 


Check: (x—4)(x+4)=0 3 x-x+4-x-4-x44-(-4)=0 5 x7 +4x-4x-16=0 ; x7 +(4-4)x-16=0 


; x7 +0x-16=0 
From the above three methods using the Square Root Property method is the easiest method to use. The Trial and Error 


method is the second easiest method to use. Followed by the Quadratic Formula method which is the longest and somewhat 
a more difficult way of obtaining the factored terms. 


2. First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial x? +7x +3 we need to obtain 
two numbers whose sum is 7 and whose product is 3. However, after few trials, it becomes clear that such a combination 
of integer numbers is not possible to obtain. Therefore, the given equation is not factorable and is referred to as 
PRIME. 


Second Method: (The Quadratic Formula Method) 
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Given the standard quadratic equation ax? +bx+c=0 , equate the coefficients of x? + 7x +3 = 0 with the standard quadratic 
equation by letting a=1,b=7 ,and c=3 . Then, 


pap aad -7 447° - (4x13) ~7+ [49-12 al -7 + 6.08 
Given: x= 5 a axl 5; x= 5 3; x= 5 : = a . 
a x 


Therefore, the two solutions are x=-654 and x=-0.46 and the equation x? +7x+3=0 can be factored to 
(x + 6.54)(x + 0.46) =0. 


Third Method: (Completing the Square Method) 


2 2 2 
x? 47x 4+3=0 3 x7 4+7x= 3 sate 7e+(2] -3+(2) Pete 31% 5 (+2) ee 


4 2 1 4 
2 2 2 | 
—3-4)+(1-49 - 
: (2+3} it ) ( s(x+2) ate : (++2) Be ee zl cnn i apherstare: the 
2 1-4 2 4 2 4 2 4 2 2 


two solutions are x =—654 and x = —0.46 and the equation x? + 7x +3=0 can be factored to (x + 6.54) (x + 0.46) =0. 


9 2 


? ? ? 
Check: I. Letx=-0.46 in x? +7x+3=0 ; (-0.46)” +7-(-046) +3=0 ; 0.2-32+3=0 ; -3+3=0 ; 0=0 


? ? 


? ? ? 
I. Letx=-654 in x? +7x+3=0 ; (654)? +7-(-654) +3=0 ; 428-4584+3=0 ; 428-428=0 ; 0=0 


Therefore, the equation x? +7x +3=0 can be factored to (x + 0.46) (x + 6.54) =0. 


From the above three methods using the Quadratic Formula method may be the faster method than Completing the Square 
method. 


3. First Method: (The Square Root Property Method) 
+6 — = 
(3x +4)? = 36 ; (3x +4)? =+ 736 ; 3x+4=+46 ; 3x =146-4; x -== . Thus, the two solutions are x= ; 
x= : sand x= ~ : eS oe ; and the equation (3x + 4)? =36 can be factored to (x oS 2) E + 10) = 0 which is the 


same as (3x — 2)(3x +10) =0. 


Second Method: (The Quadratic Formula Method) 


Complete the square term on the left hand side and write the equation in standard form, 1.e., (3x + 4)? = 36 


Ox? +24x +16=36 ; 9x? +24x +16 —-36=36 —36 ; 9x +24x-20=0. 


Given the standard quadratic equation ax +bx+c=0 , equate the coefficients of 9x? +24x —20=0 with the standard 
quadratic equation by letting a=9 , b=24 , and c=-20 . Then, 


—btyb? -4ac : -24 + 424° —(4 x 9 x -20) aes -24+.4576+720 | ae -24 + ¥1296 
2a > > 


Given: x= : 
2x9 18 18 
2 60 
24+ 24+ —24- 
ee TRENDS Sa Beas Therefore, the two solutions are x = ones anes ; you! ; and 
18 18 18 18 3 
3 
2: 
a — sa a= ~ Hee ; and the equation (3x + 4) = 36 can be factored to (x -3) (x + 10) = 0 which is the same 
3 


as (3x —2)(3x +10)=0. 


Third Method: (Completing-the-Square Method) 
First complete the square term on the left hand side and simplify the equation, i.e., (3x + 4)? = 36 ; 9x? +24x +16 = 36 
9 24 20 2 24 20 


5 Ox? +24x +16-16=36—--16 : 9x7 +24x =20; =x? ¢ Dye: Pt Dyan. 
9 9 9 9 9 


Then, complete the square in the following way: 
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2 D: 
4 4 

> 24. 20 » 24 |} 20 | 24 5s OA ' 20 iad > 24 16 20 16 

x” +—X= 5 x x+ = 5 xX +—xX+ =—+ 5 x = 
9 : 9 B 3 9 3 9 9 9 9 

( a) 20+16 (++) =1 58 46 4+6 

sft = S| x4 [x+4 5 me So : 
3 9 ee 3.23 3 
—4+6 

Therefore, the two solutions are x = 5 ; 3 sand x= 5 ; mer . In addition, the equation (3x + 4)? = 36 


can be factored to (x 2 2) E + < = 0 which is the same as (3x —2)(3x +10) =0. 


Check: (3x —2)(3x +10) =0 ; 3x-3x +10-3x -2-3x-2-10=0 ; 9x? +30x-6x-20=0 ; 9x7 +(30-6)x-20=0 


; 9x* +24x —20 = 0 which is the same as (3x +4)? = 36. 


From the above three methods the Square Root Property method is the easiest method in factoring the quadratic equation, 
followed by the Quadratic Formula method and Completing the Square method. 


4. First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial x? +11x +30 we need to 
obtain two numbers whose sum is 11 and whose product is 30. Let’s construct a table as follows: 


Sum Product 
14+10=11 1-10 =10 
2+9=11 2-9=18 
3+8=l11 3-8 =24 
4+7=11 4-7=28 
5+6=11 5-6 =30 


The last line contains the sum and the product of the two numbers that we need. Thus, x? +11x +30=0 can be factored to 
(x +5)(x+6)=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax? +bx+c= 0, equate the coefficients of x? +11x+30=0 with the standard 
quadratic equation by letting a=1 , b=11 , and c=30 . Then, 


2a 114 ll? —(4 x1 30) -H4Vi21-120 | | -ttvi | -1141 
9 DN = . = is = 5 
2x1 


Given: ; 3 
2 2 2 
t I 
bat 1 -l1l- 
Therefore, the two solutions are x = 4 nee a ; x=-5 and x= - 2 x= =a ; x =—6 and the equation 


x? +11x +30=0 can be factored to (x + 5)(x + 6) =0. 
Third Method: (Completing-the-Square Method) 


2 2 
x? +11x 30=0 ; x? tllx= 30; x? +utr+(1) 30+(4) saP bleh = 304 


( lity 30-10 ( a) (-30-4) + (1-121) ( ib) 120 +121 ( ut) 1 ll f 
5 | x+ + 5] xt = 5 |x + = 5 |x + =— 5x+—=+Ht 
2 1° 4 2 1-4 2 4 2) 4 2 V4 


11 1 
5 x+—=4t 
2 


(x +5)(x+6)=0. 


. Therefore, the two solutions are x =—5 and x =-6 and the equation x? +11x +30=0 can be factored to 


MT 


Check: (x +5)(x +6) =0 5 X°xX+6-x4+5-x4+5-6=0; x? +6x + 5x +30=0 ; x? +(6+5)x +30=0 : x? +11x +30=0 


From the above three methods using the Trial and Error method is the easiest method to obtain the factored terms. 
Completing the Square method is the second easiest method to use, followed by the Quadratic Formula method which is the 
longest and perhaps the most difficult way of obtaining the factored terms. 
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5. First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial 5¢? +4¢—1 we need to obtain 
two numbers whose sum is 4 and whose product is 5-—1=—5. Let’s construct a table as follows: 


Sum Product 
8-4=4 8 -(-4) =-32 
7-3=4 7-(-3)=-21 
6-2=4 6-(-2) =-12 
5-1=4 5-(-1)=-5 


The last line contains the sum and the product of the two numbers that we need. Thus, 5? +4t-1=0 : Bp (5 - It -1=0 
; St? +5t-1-1=0 ; Se(t+1)-(t+1)=0 ; (¢+1)(5t-1)=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation at” +bt+c=0, equate the coefficients of 5t7 +4¢-1=0 with the standard 
quadratic equation by letting a=5 , b=4 ,and c=-—1. Then, 


_h+vp2 — 4+,{4? (4x5x 1) A+ 4+ 444/62 
aT rE: : dac y _4tVi6+20 |, -4tv36 |, 46" 
a 


al 10 10 : 6 


446 


Sts 
10 


Therefore, the two solutions are t=-—1 and ¢ a and the equation St? +4t-1=0 can be factored to 
(+ (¢-4) =0 which is the same as (¢ + 1)(5¢-1)=0. 


Third Method: (Completing-the-Square Method) 


2 2 
2 
4 
5t7 +4¢-1=0 ; St7 +44 (ees, +t +t SP + tt ae 2 4e(2) -14(2) 
5 10 5 10 5 5 5 5 
5 5 
2 2 i. 2 2 
ee rs Oe a (1-25) +(4-5) ( 2) 25420 ( 2) 45 ( 2) 9 
St Hott 5 ao 3 |tt+ 5 | tt 7 5 ieae = > [e+ = 
25 5-25 5 125 5 123 5 25 
25 
(142 “Vs Eee ==43 Dice E aThencines Guetueeolinoniare fee = 
6D 5 5 
Lh ; t=-— ; t=-1 and t ai St ea ys! and the equation 5t7 +4¢-1=0 can be factored to 
5 5 5. 5 3 5 


oe =0 which is the same as (¢+1)(5¢-1)=0. 


2 9 9 9 9 
? 4 ? ? ? 
Check: I. Let t= in s? +4120; 5-(4) +4-(4] 1=0 ; = 5 1=0 ; ie 1=0 ; at 1=0 


32 2 
---1=0;1-1=0 ; 0=0 
3 


? 2 
I. Lett=-lin 5t? +4¢-1=0; 5-(-1)? +4-(-1)-1=0 ; 5-4-1=0 ; 5-5=0 ; 0=0 


From the above three methods using the Trial and Error method is the easiest method to obtain the factored terms. The 
Quadratic Formula method is the second easiest method to use, followed by Completing-the-Square method. 


6. First Method: (The Trial and Error Method) 
To apply the Trial and Error method to the equation (2x + 6) =36 we need to complete and simplify the square in the left 


hand side of the equation, i.e., (2x + 6)” =36 ; 4x? +36+24x = 36 ; 4x? +24x +3636 = 36-36 ; 4x7 +24x +0 =0 
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x“ +—x+0=0; x? +6x+0=0. Consider the left hand side of the equation which is a polynomial. To factor the 


polynomial x? +6x +0 we need to obtain two numbers whose sum is 6 and whose product is 6-0=0. Let’s construct a 
table as follows: 


Sum Product 
44+2=6 4-2=8 
5+1=6 5-1=5 
6+0=6 6:0=0 


The last line contains the sum and the product of the two numbers that we need. Thus, (2x + 6)? =36 can be factored to 
(x +0)(x +6)=0 which is the same as x(x + 6) =0 

Second Method: (The Greatest Common Factoring Method) 

First complete the square term on the left hand side and simplify the equation: 


6 
(2x +6)” =36 ; 4x> +24x+36=36 ; 4x? +24 =36-36 ; 4x7 +24x=0 ; ox? a - x7 +6x=0 


Then, Factor out the greatest common monomial term x . 


x? +6x =0 P x(x + 6) =0 . Thus, the two solution to the equation are: x =0 and x+6=0 ; x=-6 

Hence, the equation (2x + 6) = 36 can be factored to (x + 0) (x + 6) = 0 which is the same as x(x + 6) =0. 

Third Method: (The Square Root Property Method) 

(2x +6)° = 36; (2x +6)? = +/36 ; 2x +6=+6 ; 2x =-6+6. Thus, the two solutions are 2x =-6+6 ; 2x =0 


6 
12. 
2° 


Z . 
; x=0 and 2x=-6-6 ; 2x =-12; ae x =-6 and the equation (2x +6)° =36 can be factored to 
+ 6) =0 which is the same as x(x +6)=0. 


(x + 0)( 


? ? 
Check: I. Letx=0 in (2x+6)° =36 ; [(2-0)+6] =36 ; 67 =36 ; 36=36 


? ? ? 
I. Let x=-6 in (2x +6)” =36 ; [(2--6) +6] =36 ; (-12+ 6)” =36 ; (6)? =36 ; 36=36 


From the above three methods the Greatest Common Factoring method is the easiest method. The Square Root Property 
method is the second easiest, followed by the Trail and Error method. 


7. First Method: (The Trial and Error Method) 
Consider the left hand side of the equation which is a polynomial. To factor the polynomial on —8y+15 we need to obtain 
two numbers whose sum is —8 and whose product is 15. Let’s construct a table as follows: 


Sum Product 
-4-4=-8 -4--4=16 
-5§-3=-8 -§.-3=15 
-6-2=-8 -—6--2=12 
-7-1=-8 -7:--1=7 


The second line contains the sum and the product of the two numbers that we need. Thus, iy? —8y+15=0 can be factored 
to (y-3)(y-5)=0. 

Second Method: (The Quadratic Formula Method) 

Given the standard quadratic equation ax? +bx+c=0 , equate the coefficients of a —8y+15=0 with the standard 
quadratic equation by letting a=1 , b=-8 , and c=15 . Then, 


—b +b? — 4ac -(-8) + (-8)"-(4x1«15) 8+. f64—60 , ya bev me: ie 


Gi : = 3 = 2 * 9 
nate 2a “ O24 if OMA 2 2 
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5 

BE : 8-2 6 8+2 10 
: ae a Therefore, the two solutions are y = 5 : ae ; y=3 and y= > ; y= 5 ; y=5 and the 
equation yF —8y+15=0 can be factored to (y-3)(y-5)=0. 
Third Method: (Completing-the-Square Method) 

ay Aa 
: - 2 8 8 2 4)? 4)? 

y —8y+15=0; yp” —8y=-15 5; y~ -8y4 i= 15+ 5 > yo —8yt+ i 154 i 


; py? -8y+16=-154+16 ; y?-8y+16=1 ; (y-4)? =1; (y—4)? =4V1 5 y-4=41; y=4+1. Therefore, the 
two solutions are y=3 and y=5 and the equation y” —8y +15=0 can be factored to (y—3)(y—5)=0. 


Check: (y-3)(y-5)=0; y-y—-5-y-3-y+(-3)-(-5)=0; yp? -Sy-3y415=0; y? +(-5-3)y+15=0 


> y?-8y+15=0 
From the above three methods using the Trial and Error method is the easiest method to obtain the factored terms. 


Completing-the-Square method is the second easiest method to use, followed by the Quadratic Formula method which is the 
longest and perhaps the most difficult way of obtaining the factored terms. 


8. First Method: (The Trial and Error Method) 


Write the equation w* =-7 in the standard quadratic equation form aw” +bw+c=0, i.e, write w =-7 as 


w? +0w+7=0. Consider the left hand side of the equation which is a polynomial. To factor the polynomial 


w? + 0w+7 we need to obtain two numbers whose sum is 0 and whose product is 7. Let’s construct a table as follows: 


Sum Product 
1-1=0 1-(-1) =-1 
2-2=0 2 (-2)=—4 
3-3=0 3-(-3) =-9 
4-4=0 4.(-4) =-16 


After several trials it becomes clear that the given equation can not be simplified using the Trail and Error method. 
Therefore, the given equation is not factorable and is referred to as PRIME. 


Second Method: (The Quadratic Formula Method) 


First, write the equation in the standard quadratic equation form aw’ +bw+c=0 , Le., write w =-7 as w? +0w+7=0 


. Second, equate the coefficients of w> +0w+7=0 with the standard quadratic equation by letting a=1,, b=0 , and 
c=7. Then, 


2 
-b+b* —4ac 0+ 0° -(4x1x7) py otv0=28 | _ tv-28 
7 W ; v= > WS 
2a 2x1 2 2 
under the radical is a negative number, the given equation has no real solution and can not be factored. 


Third Method: (The Square Root Property Method) 


Take the square root of both sides of the equation, i.e., write w? =-7 as Vw? =+V-7 ; w=tJ-7 
Again, since the number under the radical is negative, the given equation has no real solution and can not be factored. 


9. First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial 6x7 +x-1 we need to obtain 
two numbers whose sum is 1 and whose product is 6-—1 = —6. Let’s construct a table as follows: 


Given: w= 


. However, since the number 


Sum Product 
5-4=1 5--4=-20 
4-3=1 4--3=-]2 
3-2=1 2--3=-6 
2-1=1 2--l=-2 
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The third line contains the sum and the product of the two numbers that we need. Therefore, 6x? +x-1=0 
; 6x? +(3-2)x-1=0 ; 6x? +3x—2x-1=0 ; 3x(2x +1)—-(2x +1) =0 ; (2x+1)(3x-1)=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax? +bx+c= 0, equate the coefficients of 6x? +x—1=0 with the standard 
quadratic equation by letting a=6 , b=1 ,and c=—1. Then, 


-b +b? —4ac It 1? -(4x 6x _nlevl+24 | -14025 gn ENS 


Given: x= x = —_—_<_ 3 
2x6 12 12 12 
—_]+ pas | ee as 
= , Therefore, the two solutions are x = a : sie”. : eee and x= aa ; rene ; x=— and 
12 12 : 12 12 


the equation 6x +x —1=0 can be factored to E + 1) E — 1 = 0 which is the same as (2x + 1) (3x - 1) =0. 


Third Method: (Completing-the-Square Method) 


2 2 
Oe ei a tee? te ee pttte(4) -1,{4) 
6 6 6 6 6 6 12 6 \12 


75 
ae ne oe ee 1)? _ (1-144) +(1-6) 1)? 144+6 1)? _ 180 1295 
xO + ne + : bake : ae = s [xt = ; ar = 


144 6 144° 2 6-144 2 864 12 


4 (x+4) ee xed 0174 ; x + 0.083 = +0.417 ; x =-0.083+0.417. 


Therefore, the two solutions are x = —0.083-0417 ; x=-05 3; x= s and x =—0.083+0.417 ; x=033 ; x => and 


the equation 6x” +x -—1=0 can be factored to [x + 1) E Z 4 = 0 which is the same as (2x + 1) (3x - 1) =0. 


2 Oe. 2 2 2 2 
Check: I. Fir ems x? +x-120; 6-(4] Pe 1 02624 1 Os 2a 1 geet! 1 G22 1=0 
3 3 3 ; 3 3 3 3 3 
? 
; 1-1=0; 0=0 
2 2 3 ? 2 ra ? 
Il. tee in 6x7 +x 1-0; 6-( 1) : 1 0262 z 1 Giae d 1 or d 1=0 
2: 2 2 ; 2 2 2 2 


2 ? 
3 2 1=0 ; 1-1=0 ; 0=0 
2 
From the above three methods using the Quadratic Formula method is the easiest method to obtain the factored terms. The 


Trial and Error method is the second easiest method to use, followed by Completing-the-Square method. 


10. First Method: (The Perfect Square Approach) 


First - Check and see if the coefficients of the first and the last term are perfect squares, 1.e., x? 4x44 : x? 4x42? 


Second - Check and see if by multiplying the base of the last term by —2x we can obtain the middle term, i.e., 2-—2x =-4x. 
Third - Since —4x is the same as the middle term of the given polynomial therefore, the trinomial can be written as: 

x? —4x4+2? = (x 2) = (x 2) (x 2) 

Second Method: (The Quadratic Formula Method) 


Based on our earlier stated assumption, we write the given trinomial as a quadratic equation, i.e., x? —4x+4=0 and apply 
the Quadratic Formula by letting a=1 , b=—4 , and c=4. Then, 
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Quadratic Equations Solutions 


2 2 
-b+ yb? —4ac -(-4) + y(-4)" - (4x14) 4+ 16-16 4+/0 440 4 
Given: x = ae a [x= x= .xy=—; 
2a 2x1 2 2 2 2 
x =2. Therefore, the quadratic equation has two repeated solution, i.e., x =2 and x =2 and the equation x? -45+4=0 


can be factored to (x - 2) (x - 2) =0. 
Third Method: (Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial x? —4x +4 we need to obtain 
two numbers whose sum is —4 and whose product is 4. Let’s construct a table as follows: 


Sum Product 
-6+2=-4 -6:-2=-12 
—-5+1=-4 —5-1=-5 
—3-]=-4 —3--]=3 
—2-2=-+4 —2-2=4 


The last line contains the sum and the product of the two numbers that we need. Thus, x? —4x+4=0 can be factored to 
(x -2)(x-2)=0. 


Check: (x-2)(x-2)=0 ; x-x-2-x—2-x+(-2)-(-2)=0 5 x7 -2x-2x+4=0 5 x7 +(2-2)x+4=0 


5x7 -4x+4=0 
From the above three methods the Perfect Square method is the easiest method in factoring the trinomial followed by the 
Trial and Error method and the Quadratic Formula method. 
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